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Boltzmann Equations

« Equation of motion for classical phase space density
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Boltzmann Equations

scattermg\‘ /
quantum field theory

propagation between scatterings: \ /

free classical particles




Shortcomings of Boltzmann
Equations

o picture the early universe as a series of collider events
« Often works well.... but misses a few crucial aspects:

0 0

Wi__Hp?%

= fi =T

coherence and decoherence

quantum statistical effects on internal propagators

screening of particles into quasiparticles

collective excitations of the plasma

multiple coherent scatterings

non-perturbative effects

 “first principles” description makes sure we do not miss these
« At the same time: Need equations that are simple enough for parameter space scans
= Quantum Kinetic Theory to make predictions for accelerator experiments



Shortcomings of Boltzmann
Equations

« Some of the shortcomings can be overcome with density matrix equations

0,0 — pHO,p = —i[H, p] + Z[p]

(o] %((1 —p)I —pI”) +huc

e In the early universe we in addition need the the continuity equation

dptut
dt

+ 3H (ptot + Piot) = 0,

« And of course the Friedmann equation

H® = ;Otot/(SM;?I)



Quantitative Description

Full information about quantum statistical system contained in von Neumann
density operator, with equation of motion

Q — _i[Hv Q]

Equivalently: consider infinite tower of n-point functions with expectation values

(o) = Tr(o.. )
in practice usually one- and two-point functions are sufficient

Expressing all observables in terms of correlation functions avoids semi-classical
assumptions or reference to asymptotic states

Equations of motion obtained from 2PI effective action in the Schwinger-Keldysh
formalism (e.g. Kadanoff-Baym equations); usually non-Markovian and not suitable
for parameter scans

Obtain effective quantum kinetic equations suitable for numerics in a series of
controlled approximations adapted to the problem under consideration (gradient
expansion in Wigner space, loop truncation, quasiparticle approximation... )
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Scalar field toy models
(for neutrino physics)
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Correlation Functions

» One point function (“condensate”) ~ classical field ~ (p ( 3;) — ((P ($)>

« Two independent two-point functions, A}(:}jl?mﬂ — <@(T1)@($2)> o 90(551)(1‘9(:52)

e.g. the Wightman functions A< (31? 372) — (6,’5(’1“2)@(51)} — (,0(;1?1)99(1?2)



Correlation Functions

» One point function (“condensate”) ~ classical field ~ (p ( 3;) — ((P ($)>

« Two independent two-point functions, A}(:}jlﬁxﬂ — <@(T1)@($2)> o 90($1)99($2)

e.g. the Wightman functions A< ($1: 332) _ (@(Tz)gb(-ﬂl)) — (,p(;l}l)(p(l?g)

e Time-ordered (Feynman) propagator
AF(II:I $2) — Q(tl o tQ)A:}(ml? IZ) T 9('1:[2}; $[IJI)A{:('T‘.I:I $2)

« Anti-time-ordered propagator

AF(ﬂflj 5172) — 9(t1 — tz)A{(ﬂflaﬂfﬂ + 9(*’1’3 $?)A}(mlﬂ$2)

« Advanced propagator iAA(gjl? 3;2) — _Q(tg — tl)A_($la 392:
« Retarded propagator iAR(SUh $2) — Q(tl — tg)ﬂ_(i){?l} 232)
 Spectral function A_(IL'I? IEQ) — A}(iﬂ'l? IEQ) — A{(fﬂlj ZLQ))

o Statistical propagator A+ (Jl 1, L 2)

i(
L, < < ,,
§(A (71, m3) + A (21, 29),



Correlation Functions

» One point function (“condensate”) ~ classical field (o ( 35) — (Gp ( $) )

« Two independent two-point functions, A}(:}jl?xﬂ — <@(T1)@($2)> o 90(551)(1‘9(:52)

e.g. the Wightman functions A< (31? 332) — (@(Tz)gb(-}jl)) — (,0(;1?1)99(2[?2)

e Time-ordered (Feynman) propagator
AF(II:I $2) — Q(tl o tQ)A:}(mI? IZ) T 9('1:[2}1 z[IJI)A‘:::(:I.I:I $2)

« Anti-time-ordered propagator

AF(.I'I:, LUQ) = 9(1‘;1 — tg)A{(mlg 3:2) + 9(:1;[2}1 x?)A}(mlﬂ :’EQ)

« Advanced propagator iAA(iIZh 3;2) — _Q(tg — tl)A_($la 992:

« Retarded propagator iAR(SUh $2) — Q(tl — tg)ﬂ_(ﬁfl} 232)

 Spectral function A~ (fEl? 5[;'2) — I(A:} (iﬂl? 372) — A{(fﬂlj ZLQ))
(defines spectrum of quasiparticles) 1

o Statistical propagator AJF(;Elj ;{;2) — —(A>(5131; ;{;2) 4 A{:(a’;lj J;2)
(generalised occupation numbers) 2



Correlation Functions

» One point function (“condensate”) ~ classical field (o ( 3;) — (@ ( $) )

« Two independent two-point functions, A:}(:}jl?mQ) — <@(x1)@($2)> o 90(:1;1)(10(:52)

e.g. the Wightman functions A< (xh 372) — <¢5(T2)¢(£1)> — (,0(;1?1)99(2[?2)

e Time-ordered (Feynman) propagator
AF(ZI:I $2) — Q(tl o tQ)A}(II? ':UZ) T 9('1:[2}1 z[IJI)A‘{H(xI:I $2)

« Anti-time-ordered propagator

AF(:UI:, LUQ) = 9(751 — tQ)A{(xlq 3:2) + 9(:1;[2}1 x?)A}(mlﬂ :’EZ)

« Advanced propagator iAA(ﬁjl? ;1;-2) — —9(?52 — tl)ﬂ_(xla 52:
« Retarded propagator iAR(SUh SEQ) — Q(tl — tg)ﬂ_(i){?l} iI?g)
 Spectral function A_(fﬂlj IEZ) — A}(iﬂ'lj IEZ) — A{(H}'lj ZLQ))

o Statistical propagator A+ (Jl 1, L 2)

i(
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Closed Time Path Formalism

« Want to solve initial value problems, i.e., impose boundary conditions at given time
« S-matrix with projection on asymptotic states in infinite past/future nut ideal tool
 Define correlation functions on “closed time path” (CTP)
tf — 00O

f
t; =0 >
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Closed Time Path Formalism

« Want to solve initial value problems, i.e., impose boundary conditions at given time

« S-matrix with projection on asymptotic states in infinite past/future nut ideal tool
« Define correlation functions on “closed time path” (CIP)

t.=0 > \tj%m C=C.uUcC
. " Ret T —

The following are all basically the same thing:
« Closed time-path formalism

« Schwinger-Keldysh formalism

e In-in formalism

« Real-time formalism (in equilibrium, as opposed to imaginary-time formalism)



Closed Time Path Formalism

« Want to solve initial value problems, i.e., impose boundary conditions at given time
 S-matrix with projection on asymptotic states in infinite past/future nut ideal tool
 Define correlation functions on “closed time path” (CIP)

t.=0 > \tj%m C=C.uUcC
. " Ret T —

 Define propagator on the contour

AC('CEI:I :EZ) — (Tc(f)(Tl)@(ch)} — QC(Q:{I]:l *L[Z})A:} (xln TZ) + QC(:E[Q}J LC?)A{(Q?D $2)



Closed Time Path Formalism

Want to solve initial value problems, i.e., impose boundary conditions at given time

S-matrix with projection on asymptotic states in infinite past/future nut ideal tool

Define correlation functions on “closed time path” (CTP)

to =0 > *\tfqoo C=C.uUcC
. " Ret T —

Define propagator on the contour
AC(mlu :EZ) — (chj(xl)d)('it?)) — HC(:I;{IJ:I :‘Eg)A:} (xlr TZ) + QC(E(Q} E?)A{(mla flfg)

« Formally consider field with time argument on the “forward” and “backward” parts of the

contour like different fields @ 4 Time argument on forward branch

@_ Time argument on backwards branch

« Promotes propagator to a matrix

(A++($1,:1:2) A+($13$2)) _ (AF(%}IQ) A{(mhﬂ&))
A_y(z1,29) A (21, 7)) A7 (21, 25) A" (21, 5)

sl



Perturbation Theory

el

AL (T1,m9) Ay (71,79) _ AF(iUlaIz) A{(mlaxZ)
A

A_+($] y 1:2)

(zy,79) ) A7 (2, 19) A

(xlaﬂj?)

« Action is local, hence vertices either only connect “+”-fields or “-”-fields

e Therefore vertices are either “+” or

i“ 77

 But fields can propagate into each other via off-diagonal proparators

Feynman rules

i)
i)

iii)

iv)

Draw all diagrams as you would in standard QFT.
Associate all external ends of propagators with the Keldysh index +.

Internal vertices can be of either type, + or —. Sum over all over all combinatorical
possibilities. The vertices represent the same expressions as they would in standard
QFT, but include an overall factor —1 for each —type vertex.

Connect the vertices with the appropriate propagators. The Feynman propagator Ap
always connects to +-type vertices, Az always connects to —-type vertices, but A®
connects a +-type vertex to a —-type one (and A~ vice versa).

Integrate over all internal positions as usual.



Equations of Motion

« Schwinger-Dyson equation on the contour

(O + Mtree(ﬂf')g)ﬂc(ﬂf"hfﬂiz) T /délfﬂfﬂc(fﬂh35!)Ac(fﬁf?3?:z) = —i0c(r1 — T3)
Jc

 Tree-level mass is defined via inverse classical propagator

iy ] (0, 22) = — (O, + MPoc)els — ),

. ~y—1 I
iG [@](Ila $2) 0D(x,)0P(x5) ‘@%:p
 Split self-energy up according to time argument

ffc(ﬂj] . 332) — —ill)(lm:(ﬂ:]) 6($1 — 332)(: + QC('I?? ﬂfg)fjr}(ﬂf] . 11:2) —l_ gc(fﬂg? ﬂ:[]])jj!{(ﬂ:] . Jjg) y

e Define the effective mass

M? = M., + IT°°



Equations of Motion

« Schwinger-Dyson equation on the contour

(O + Mtree(ﬂf')g)ﬂc(ﬂf"hfﬂiz) T /délfﬂfﬂc(fﬂh35!)Ac(fﬁf?3?:z) = —i0c(r1 — T3)

JC
 Tree-level mass is defined via inverse classical propagator
ingl[W](iﬂl:iﬂ?) = —( z, T Mtgmc)éc(ifl — Ig), T
1 5°S[d] Jg
iG [@](Ila $2) — 0D(x,)0P(x5) ‘@%:p

 Split self-energy up according to time argument

ffc(ﬂj] . 332) — —ill)(lm:(ﬂ:]) 6($1 — 332)(: + QC('I?? ﬂfg)fjr}(ﬂf] . 11:2) —l_ gc(fﬂg? ﬂ:[]])jj!{(ﬂ:] . Jjg) y

C >

e Define the effective mass

M? = M., + IT°°




Equations of Motion

« Schwinger-Dyson equation on the contour

(O + Mtree(m)g)AC(J:'la:ﬂ?) T /délfﬂfﬂc(fﬂh35!)4\‘6(5"5!?332) = —i0c(r1 — T3)
Jc

« Consider for instance +- propagator

o — 00

O+ M@)DA(am) + [ A (o)A, @)+ [ a9 (o, 2)A ()

= (0, + M(fﬂl)z)ﬂ%—(m“ 72) f

A2 I, (x,2)A,_ (2, xy) — / A2 I, (x,2)A__(2,25) =0

« Kadanoff-Baym Equations

1 —I— j‘/jQ)A<(x1 . IQ) — f d4$!(—n_|_+(f§1 ; .’I:!)A{(ZI:: $2) + H<(£C1 , .f!)A__(I!:, 132))
|+ MQ)A:}(xl} Ty) = | d%’(—ﬂ}(zh VAL (2], zo) + IT__(zq,2) A7 (2, x5))




Kadanoff-Baym Equations

 Kadanoff- Baym equations read
(O, + MHAS (2, 25) = [d*2 (I, (2q,2")AS (2, 25) + [T (2, 2") A_
( 1 + M )A> .fb"l 552 — fd4 ! H> .fEl !)A_I__I_(ZEI,Q:Q) + H__(fl:l )

(ZE!a :I:Z))

>(, 23))




Kadanoff-Baym Equations

 Kadanoff- Baym equations read
(O, + MHAS (2, 25) = [d*2 (I, (2q,2")AS (2, 25) + [T (2, 2") A_
)

—(33!3:1:2))
( 1 _|_M )A> .fb"l 552 — fd4 ! H> .fEl !)A_I__I_(ZEI,Q:Q) _’_H__(ZUI >( / ))

L+ M) AR (2y,25) = _fdﬁlﬂ’?f(ni(ml:ﬂ?f)ﬂjq(ﬂ?’a%)+HR(331133!)A%(33!1-’132))




Kadanoff-Baym Equations

 Kadanoff- Baym equations read
(O 4+ M*)AS (24, 25) = fd4 (I (21,7 ) AN (27, 35) + T (21,27 ) A__ (27, 75))
(L + M )A} (z1,22) = fd4 (=17 (21, 2) Ay (2 20) + 1T _(21,2") A7 (27, 25))

. or

( 1+ M7 )A (21, 22) = —fd ( (21,2 I)AA(-/I?!:J?Q)+HR(331a33!)A%(33!a332))

. or

(O, + MQ)A (11, 75) fd ( (21, 2 ) AZ(2', z9) + U%(Elef)AH(LE:LUQ))
fdd ] H:} (21, I)A (‘L:‘LQ) H{(‘Llr )A:}(if 3))

1
with A7 = §(A —|—AR),




Kadanoff-Baym Equations

 Kadanoff- Baym equations read
|+ M)A (3, 35) = fd4 (I (21,7 ) AN (27, 35) + T (21,27 ) A__ (27, 75))
1+ M )A:} (T1,29) = fd4 (=117 (21,2 ) Ay (27, 29) + TT__(21,2") A7 (2, 75))

. or

( 1+ M7 )A (21, 2) —fd ( (21,2 I)AA(-/I?!:Q?Q)+HR(331a33!)A%(33!a332))

. or

( 1+M2)A (11, 75) fd ( (2, 2" ) AZ (2, :1:2)+U%($13T")AH(;1:’1$2))
fd4 7 (2, 2 YA (2, 2y) — T (2q, 2 ) A7 (2, 25))

1
with A :5(4 + A%,
© or (l:l] +[\/[2)A 551,552 — /d3 jr/ dtn ml: (:I:’:IQ)

(O, + MHAT (x, z5) = /d3 ’/ dt' IT™ (zqy, 2" ) AT (2, x5)

—|-/d3x‘_’/ dt’nJr(iUth!)A_(:E!?m?)
ti



Kadanoff-Baym Equations

 Kadanoff- Baym equations read

(

L+ M)A (2, 29) = fd4 (—II, (1, 2)AS (2, 2y) + T (zy, 2" )A__ (2, 25))
L+ MAHA” (2, 20) = fd4 (=17 (xy, )AL (2, 29) + TT__(y,2") A7 (2, 25))

e Or

(

e Or

L+ M)A (2, 25) = — [d'a (IT5(2y, 2 I)AA(Q?’:%)+HR(331133!)A%(33!1332))

1+M2)A (21, Z2) fd ( (21, 2") AZ (2, $2)+H%(mlja"')ﬂﬂ($’,$2))
fd/l ! U:’ (1, ')A (1,,1:2) H{:(Lh )A}(:I, Ts))

1
with AH = Q(A +AR)
(O, + MHA (z,z9) = /d3 ’/ dt' I (zq, 2" )A™ (2, 25)

(O, + MHAT (x, z5) = /al‘3 ’/ dt' IT™ (zqy, 2" ) AT (2, x5)

—|—/d‘3x’/ dtfn_l_(il!ljili!)ﬂ_(:i?!?iﬂg)
t



Kadanoff-Baym Equations

 Kadanoff- Baym equations read
(O, + M)A (zy,25) = fd4 (—II, (1, 2)AS (2, 2y) + T (zy, 2" )A__ (2, 25))
L+ MAHA” (2, 20) = fd4 (=17 (xy, )AL (2, 29) + TT__(y,2") A7 (2, 25))

. or

( 1+ M7 )A (21, 2) —fd ( (21,2 I)AA(-/I?!:Q?Q)+HR(331J3!)A%(33!:332))

. or

( 1+[\/[2)A (11, 75) fd ( (2, 2") A= (2, :1:2)+U%(513T")AH(;1:’3$2))
=3 [ A (117 (21, 2") AN (2, y) — IT™ (2, 2") A7 (2, 25))

1
with A :§(A +AR)

— (D1+M2)ﬂ (1, 29) = /d3 ’/ dtU (z1, (3’7’:$2)

(D1+M )A+ 11713552 — /d3 f/ dtﬂ fEl, A+($ 332)

—|—/d3x‘_’/ dtfHJr(iEth!)A_(mr?m?)
ti



Thermal Equilibrium

e In equilibrium correlation functions only depend on the relative coordinates (it’s static,
homogeneous, isotropic)

e The von Neumann density matrix is P =c¢e€



Thermal Equilibrium

In equilibrium correlation functions only depend on the relative coordinates, and Fourier
transform is well-defined (it’s static, homogeneous. isotropic)

The von Neumann density matrix is P—==e

Noticing that this is a time translation operator in imaginary time, we can establish

AS(t+i/T,x) = A7 (1, %),
And in momentum space

< o > = po/T A>
A (p[];p) = A (_pU*p) — € o/ A (p(]:p)¢
This implies the Kubo-Martin-Schwinger (KMS) relations

A=(p) = fu(po)p(p) » A7 (p) = (14 f5(po))p(p)
AT(p) =G+ fa(po))p(p).

Explains the interpretation of the statistical propagator in terms of occupation numbers!



Thermal Equilibrium

e In equilibrium correlation functions only depend on the relative coordinates, and Fourier
transform is well-defined (it’s static, homogeneous, isotropic)

e The von Neumann density matrix is P =c¢e€

« Noticing that this is a time translation operator in imaginary time, we can establish

AS(t+i/T,x) = A7 (1, %),
e And in momentum space

< o > = po/T A>
A (p[];p) = A (_pU*p) — € o/ A (p(]:p)¢
 This implies the Kubo-Martin-Schwinger (KMS) relations

A=(p) = fu(po)p(p) » A7 (p) = (14 f5(po))p(p)
AT(p) =G+ falpo))p(p).

« Explains the interpretation of the statistical propagator in terms of occupation numbers!
« Relations also allow to find all free propagators (since we already know the free spectral
function) p(p) = 27sign(py)d(p° — m?)

A1 (p) = o= + fo(lpo)) 210 (p° = m”) Ay = (fa(lpol) + 0(=po))2md(p” — m®)

- 2 S
p —m 1€

Ay = (f5(Ipol) + 0(po))27(p° — m”) A__(p) = (A4 (p))




Quasiparticles

e In thermal equilibrium we can also find the full spectral function
—2ImIT"(p) + 2pye

P — Qp — Rell™(p)]” + [ImII"(p) — poe|”

« With the retarded self-energy

HR(.I'I:, fﬂg) — g(tl — tg)(U}(;L‘lj iEQ) — H{(fﬂlj Ig))

o Its poles determine the dispersion relations for quasiparticles in the plasma. Consider the pole ()

Qp:Ref?p Fp=2lmf2p

p(p) =



Quasiparticles

In thermal equilibrium we can also find the full spectral function
—2ImIT"(p) + 2pye
2 2 R 2 R 2°
po — Qp — Rell™(p)|” + [ImIT7(p) — poe
With the retarded self-energy

HR(:I:th) — Q(ILI o t?)(n}(xlu :EQ) o H{(EIFI‘Q))'

Its poles determine the dispersion relations for quasiparticles in the plasma. Consider the pole _(?
(2, = Re (2, I, = 2Im {2,
We obtain the dispersion relation (real part of the refractive index) by solving
pe—p° — M? —Rell"(p) =0,
Then obtain width (imaginary part of refractive index) from

Z
I = ——Im"
» =, W,

Near the pole this gives Breit-Wigner approximation

o
lo(p) = Z 2 ng 9
(po — 2,)" + (I'py)

p(p) =




Matter Potential

L= 58"’@8‘”@ —5m P° — E{ﬁ




Matter Potential

1 A
L = —8‘”’@8 D — §m,2¢'2 — E{ﬁ’l

loc A d ’ L:J
() et [
A (p) = 27 ﬂizﬂ + fs(|pol) 276 (p* — m?) A, = (Is(lpol) + 0(—po))2md(p° —m”)
A_y = (f5(Ipol) + 0(po)) 20 (p” — m*) A__(p) = (Ass(p))

A g Ao
M? ~ —T
m+299 +24



Mean Free Path

L= 58"’@8‘”@ —5m P° — E{ﬁ

N[ drqd kd

m [I(p) = —ab— Aap(q) Apa (k) Agp(D)o(p — g + k = 1).
N

0 (2m)’



Mean Free Path

L= 58"’@8’5@ —5m P° — E{ﬁ

N[ drqd kd

0 (2m)’

m [I(p) = —ab— Aap(q) Apa (k) Agp(D)o(p — g + k = 1).
N

1

W l1%(p) = () = 5 " () = (p)

I, = —— Im IT%(p) o

P (2




Mean Free Path

L= 58“’@58}1@ —5m P° — E{ﬁ

N[ drqd kd

m [I(p) = —ab— Aap(q) Apa (k) Agp(D)o(p — g + k = 1).
N ’

0 (2m)’

1 1

| ImIT"(p) = —I1T"(p) = =[5 (po)II°

=5 - miI(p) = oI (p) = 5[5 (Po)II™ ()
| & 0—“p

1°0) = G [ S A @A M)A — g+ k-
= 5 Tl A @ATR AT g+ k-




Mean Free Path

1 A
L = —8‘”’@8 D — §m,2¢'2 — E{ﬁd

N[ drqd kd

m [I(p) = —ab— Aap(q) Apa (k) Agp(D)o(p — g + k = 1).
N ’

0 (2m)’

1 1

| ImIT"(p) = —I1T"(p) = =[5 (po)II°

=5 - miI(p) = oI (p) = 5[5 (Po)II™ ()
| & 0—“p

1°0) = G [ S A @A M)A — g+ k-
= 5 Tl A @ATR AT g+ k-

Ay (p) = o + fallpol)208(0° — m®) Ay = (Fallpol) + 6(—po))2n8(s* — m?)
Ay = (Fu(lpol) + 0(p0)) 278 (" — m?) A (p) = (Aps(p)]



Cutting Rules

N Pqd’kd®l . 1
ImIT % (p) = 2= 271)3 5 k+1—
m (p) 6 / (27{_)9 ( ﬂ_) (p + + q.) 8wqwkwl

< (U £+ AA+ F) = fafich)
(5(]3’0 — Wq — Wk — wl)

+(fq(L+ fi)(L+ fi) — (L4 fo) f 1))
(6(29[} + Lu’q — WK — wl)

(14 f) A+ fi) = fo(1+ fi) i)
) —
)
) —

0

0(po + wWq + Wi +wy))
6( _wq_I_wk_l_wl))

(0(po — wq + wixc — wy) — 0(py + Wy — Wi + wy))
+(fo (I + 1) = (1 + f)(1 + fi) i)

((5(p0+wq+wk — Wy o (w —wq—warwl))}

Ay (p) = o + fallpo)208(0° — m?) Ay = (Fallpol) + 6(—po))278(s* — m?)
A, = (Fu(lpol) + 0(po))278(p* — m?) A(p) = (Aps(p)



Cutting Rules

6./ (20)
< (@ f)(+ AIA+ F) = fafich)
((5(}30 - wq — Wk — W
+(fq(L+ fi) L+ f1) — (T + fo) fi fi)

) —

)

(5(1)[} + Lu’q — WK — wl)

+((1+ f) (L + fr) — fq(L+ fi) 1))
) —
)
) —

Decay an inverse decay

Various scatterings

X

A++(P) — pz_T;z r
Ay = (fa(|pol) + 0(po)) 2w (p* — m?)

(0(po — wq + Wi — Wy
— (14 fo)(1 + fi) i)
(0(po + wq + Wi — wy

+(fq (1 + f1)

- f15(|100|)27?5(192 —m ) Ar_=(fp
2

N[ dPqd’kdl g
ImIT"(p) = = / d 21)*6® (p+k+1—q)

(|pol) +
A__(p) = (A+(p))

1

B Wiy

0(po + wWq + Wi +wy))
6( _wq_I_wk_l_wl))

§(pg + wq — Wi + wy))

O(Ww — Wy — Wy + wl))}

9(—p0))27r5(p2 — mg)



Fermions
(actual neutrinos)



Fermions

« Define Wightman functions as

15:1[3(5311532) < m(:ﬂl)ﬁﬂ(IED y 1‘9:16(1711112) <hr;l3 (IE)EP&(EI»

« From those obtain retarded and advanced functions

197 (xzy, To) =20(t; —t3)S (71, 29),

iS4z, o) = —20(ty —t1)S (1, 2,),

311(33113’32) — %(Sﬂ(ml,mz) + Sﬂ(ﬂ?la-’f?z)) = —isign(t; —5)S (21, z5)

. As well as spectral and statistical propagators

S (z,1y) = Z(S}(:r,,:rg) — S%(zq, 25))

St (xy,my) = L(S7 (wq, ) + S™ (21, 22))

+ Which fulfil the Kadanoff-Baym equations

(i@, — M)S ™ (wy,25) = 2i Egdt"fdgx’E (21, 2")S (2", )

(id,, — M)S" (z1,25) =2i Edf [d°%' X (zy,2")S™ (2, ,)
=21 [ dt’ [d*) X7 (2, 2")S™ (2, 3,)



Fermion Propagators

« We can again find the free spectral function

p(p) = 2m(p + m)sign(py)d(p*> — m?)

e The KMS relations this time read

S{(p) _ _B—PDfTS}(pﬂ) S+(p) — (1 - pr(Pu)),D(;D)
S7(w) = (L= fr(po)pp) , S~(p) = —fr(po)p(p)

 Yielding propagators

i M 3
15" (p) = - (ijz j —218(p> — M*)(p+ M) fr(lpo) = (5" (p))'+°

iS5~ (P) — _2’”5(?2 - MQ)(P T M) ij( Po ) - 9(_}90)] 5
157 (p) = —2m6(p® — M*)(p+ M)[fr(Ipol) — 0(po)]-




Fermion Propagators

e We can rewrite this as

iS<(p) = —27m8(p> — M*)(p+ M) [0(po) f — 0(—p0o) (1 — fp))] »

iS5 (p) = —2md(p° — Mz)(? + M) :—9(}00)(1 — Jp) + 9(—Pn)fp)] :

57 ) = 2PN s — M)+ MY [00) o + O(—p0) )]
pz o M? 1 ie 0/Jp 0/Jpl/|

5 (9) =~ P o — M) p+ M) 0y + O

« And define the number of particles and antiparticles with given helicity as

OO0 dp B 0 dp
for = / —Q;tr[’Y”PhSWp)] o fon = — / —Q;tr[’}*”PhSWp)]
(0 — 00

« Where the helicity projectors are
1

P, =
h 2

(1 E h,%fynfwﬁ)



Neutrino Matter Potential

(vv) GF _ _
Lyc = _ﬁ[% ’}’,u(l —Ys5) Val [Uﬁ 7 (1 — s) I’;ﬂ-

« Resummed spectral function in analogy to scalar case
1 1

Ap) = (P—M—ZR(pHiE’m M= Zp) _m‘])




Neutrino Matter Potential

vy G — 1/
£§\IC? - _T; Hﬂ}ﬁ(l — 75) ym] [yﬁ r}/#(l o 75) L’ﬁ}'

« Resummed spectral function in analogy to scalar case

1 1
)= (p SM =)+ po M= 5 (p) - =)
 Poles given by
“det(p —m — 5"°° — Re X(p)) = 0.
o Self-energy structure in general (but at one loop no tensor in homogeneous universe)
Y= (app+ bk +cylp.u])) Py
o In the relativistic limit the dispersion relation reads pg — PZ — Tﬂrz + 2b LPo — 0,



Neutrino Matter Potential

vy G — 1/
£§\IC? - _T; fl'f]’/p;(l — 75) yﬂ:] [yﬁ f}/#(l o 75) L’ﬁ}'

« Resummed spectral function in analogy to scalar case

1 1
o) = — —)
p—M—3p) +iey, p—M— 4 (p) —iex
 Poles given by
“det(p —m — 5"°° — Re X(p)) = 0.

o Self-energy structure in general (but at one loop no tensor in homogeneous universe)

X = (arp+bpih +cLlp, %)) Pr.
2 2 2
« In the relativistic limit the dispersion relationreads Po — P~ — M~ + 2b LPo = 0,

oe o Gr iy Ak o yiF
Q b)) D—Zﬁ’y (1 75)/(2ﬁ)4t 17, (1 — 5)iS" (k)|

« Evaluating the integral gives

d°k d°k
by = \/iGF(ny — n,,_;) n, = / (27r)3f(wk) . Ny = (27?)3

(i)



Density Matrix Equation

 So far we worked in equilibrium. Out of equilibrium we need to solve the KBE.
(id,, — M)S™ (zy,2) = fd’l:,r:’(Z'H(:I:l, ) S” (2!, xy) + X (g, ) S (o, Zs))
(idy, — M)ST (zy,25) = [d'' (X (w1, 2")S™ (2", 2y) + X (21, 2")ST (2, 1))

« Note that all quantities are matrices in flavour space now

« We use four-spinors throughout, for Majorana neutrinos one simply has an extra condition

S%(fﬂlj fﬂg) — CS%(IQ:. ﬁfl)LCT ,



Density Matrix Equation

« We slightly rewrite this

(ia —M)S (x,25) = fd4’"r(ZH(’f"1:"’!)S (f To) + X (7, )SH(I ’1'2))
(]@ ) (thz) — [(14 I(ZH_ Ly, )SH( ! )—I_EH(FI:- )S+( '13))
gfd E:} =T1'.r )S{(.'I? 3;2) E{(‘Th )S}(T :I:E)):

« Analytic solution is impossible... we will perform a gradient expansion
« First we Fourier transform all quantities in the relative coordinate to go to “Wigner space”

G(x; k) = /d4reikrG(x+ r/2,x —r/2) x = (x1+x2)/2

« The convolutions become very ugly, symbolically

/ d*(x1 — xp)elk(1772) / d*yA(x1,y)B(y, x1) = e "*{A(x; k) }H{B(x; k) }

o{A}B} = = (a A - 9B — 9¢A - 94B)

 Luckily the system during neutrino decouplmg is very close to equilibrium and adiabatic, so
we only need the leading term...



Density Matrix Equation

« We slightly rewrite this

(iaz:l — M)S (x1,25) = fd4’"r(ZH(’f"1:"’!)S (f To) + X (21, )SH(I ’1'2))

(i@ml _M)S+(3f"1aff?2) — fd4 I(Zﬁ Ly )SH( ! 3)+EH(1’“1: )S+( 13))
zfd (X7 (24, 2")S™ (2", 29) — X" (24,2")S7 (2, x5)) |

 Analytic solution is impossible... we will perform a gradient expansion
o First we Fourier transform all quantities in the relative coordinate to go to “Wigner space”

G(x; k) = /d4reikrG(x+r/2,x—r/2) x = (x1+x2)/2:

« The convolutions become very ugly, symbolically
[ dia = et [ df*yA(xlfy)B(y, x;) = e { A(x; k) HB(x;k)}

o{A}{B} = (a A - 9B — 9t A - 9:B)

« Luckily the system during neutrino decouplmg is very close to equilibrium and adiabatic...
1 a N _

(;ﬁ+§708t—M)8 — (25 + 278" —0,

(p+ 2000, — M)s*— 75" ptSH _3(L7s< - 27S7).



Density Matrix Equation

(p+ %wat - M)s™ - (£"s™+ £7s") =0,

(p+ 200, — 2)s* - 75" pPsH _3(47s< - p7S7).

« We define

ST i708+,8”5i {JSH =($9—$H—M)’Yﬂa
G~ Ef}’}f”,g“:zf’yrg——(g} G), N=Y"4°

« Then add and subtract the KBE from their conjugates to obtain “constrained equations” and

:kinetic equations”

(H,87}-{G,8"} =0

i0,S” +[H,S|—1[G,8"] =0
{%?S+} o {N? SH} 2([g} S{] o [g{ S} ) /
iatSJr T [H:S+] o [N:' ‘SH] — %({ ) } o {g{ })



Density Matrix Equation

From the kinetic equation we will get the density matrix equation:
. + + H 1 e < < >
05" +[H,87] - N, 8" =3({G7,8°} —{¢°,87}

But we want an equation for on-shell distribution functions, while the above are matrices in
spinor space that also exist off-shell. We Lorentz-decompose the propagators

]. [’} . {'] =9 =4
S = Z Eph, (9on + 7 910 — 17 7 92 — 7" 93n)
h
Now we consider the constrained equation

+ H 1 = < < >
{%?S}_{N?S } :E([g ?S}_[g ?S D
We multiply it with different combinations of gamma-matrices and take the trace to obtain
relations between the Lorentz components



Density Matrix Equation

From the kinetic equation we will get the density matrix equation:
. + + H 1 e < < >
05" +[H,87] - N, 8" =3({G7,8°} —{¢°,87}

But we want an equation for on-shell distribution functions, while the above are matrices in
spinor space that also exist off-shell. We Lorentz-decompose the propagators

]. [’} . {'] =9 =4
S = Z Eph, (9on + 7 910 — 17 7 92 — 7" 93n)
h
Now we consider the constrained equation

H
{%?S+} _{N?S } — %([g}?‘s{} - [g{?‘S}D
We multiply it with different combinations of gamma-matrices and take the trace to obtain

relations between the Lorentz combponents

Apogor, = 4hpgsy + 2{g1ns M} — {9g3n — Gon, br, + ar(po + hp)}
A4pogin = 2{gon: M} + {gn, b1, + ar.(po + hp)} + i[gon, by, + ar(po + hp)]
Apogsn = 4hpgon + 2ilgon, M| + {93n — gon, b + ar(po + hp)}
Apogan = 2i[gsn, M| + {gon, b + ar(po + hp)} +ilg1s, br + ar(po + hp)]

» OK, let’s expand in small parameters  (p, + hp) < |p0|1 P M,a;py,b; < |p0|,, p.



Density Matrix Equation

From the kinetic equation we will get the density matrix equation:
. + + H 1 e < < >
05" +[H,87] - N, 8" =3({G7,8°} —{¢°,87}

But we want an equation for on-shell distribution functions, while the above are matrices in
spinor space that also exist off-shell. We Lorentz-decompose the propagators

]. [’} . {'] =9 =4
S = Z Eph, (9on + 7 910 — 17 7 92 — 7" 93n)
h
Now we consider the constrained equation

H
{%?S+} _{N?S } — %([g}?s{} - [g{?S}D
We multiply it with different combinations of gamma-matrices and take the trace to obtain

relations between the Lorentz components

l l [)(‘)
: {gom M }» Yoh = : [g3hv M] ,  g3n = h—gy
2pg 2po p

din —

Let’s plug that into the propagator, and then insert the propagator back into the kinetic
equation



Density Matrix Equation

« We find tr(P,S81) = q(}:
1 1
e[, B8] = §M2 a3 2—(b1 (spo —p) +ars(po —p")) Qos]
0
by Po 1 22 4
~ [=Z(1—8s—)4+—M
2( "p)+2p0 s Jos

tr{G%, B8} =

N\

1
2—M —|-2—p(b (SPO—I))+G<S(P0—P )) ‘103}

(

!

1 bf>, Do, <
L E—(l—sl_) QOs}

2

« Comparing this to

tr(pX) = 2(brpo + ar(po — P°)),
tr(pPrd) = br(po— hp) + ar(pg — P°)

« We find

LI'[H, PSS+] L (tr(pPsEloc) =+ Mz) ) g(-):':|

|20

1 .
———tr PSE<,g>S}
3 PP Z), 6

i
N

tr{G<, P,§>)

Now we just need to put this on-shell!



Density Matrix Equation

The neutrino masses and matter potentials are kinematically completely negligible, they only
matter in the (anti(commutators in the numerator of the propagator. Hence, we may use the
pole structure of free spectral function in the relativistic limit for all propagators

We split all quantities into an equilibrium part and a deviation

S+ 8" +468

Since the spectral function does not directly depend on the occupation numbers, we can
neglect the deviation from equilibrium here. Since only two of the two-point functions are

087 = 68T = 68T

The equilibrium pieces must fulfil the KMS relation

independent, this means

Altogether this yields
(g(;z)(yli = 2m2pyd( P [(
1
e 27r12p0()(]2)—()a[3

(.(10<h)a[3 = 27m2pyo(p 2)[( —fr(Po))das — (0P(P))ags]
(Gon)asg = 212ped(p°)[(1 — fr(Po))das — (60(D))ag]

— fr(po) ) (5p(p))aﬁ]

I\DIP—*

A~~~
)
-
=
~—
=
®
|
(W)



Density Matrix Equation

 Plugging this back into the kinetic equation ...
0,87+ [H, 8] - [N,8"] =3({G7,8"}—{G",87}

(] d .
e ...and integrating over p0 P = / %tI‘SJF. gLves
v

d,p = —i[H, p|] + Z|p]

1 1
Tlo] = ({17, =} + {1, 1= p}) = 5 (1= p)[" = pI”) + hc
« with
1 loc 2 2 — :F_l 2
H = Q—W(tr(PPSZ )+ M), o r 3 TPE ),

« The expansion of the universe is finally included by interpreting this equation as one in
conformal time and comoving coordinates



Connecting to Boltzmann

We found for the gain and loss rates

1
r: = u(ps?)

Po
Can we somehow connect that to the collision term in the Boltzmann equation?

pU:J?p

We consider the total damping rate

1
[,=I5+1Ty = p—nlmtr(pﬂﬁ(p)

p{}:!‘gp

And a generic interaction like

Lrormi = 2V2G p(0y" P W) (!f’-l*y“(f:’;; + ﬂh*yﬁ)%)) + h.c.,

« There can be two types of fermion flow in “setting sun” diagrams, depending on where they come from

0
1



Connecting to Boltzmann

e They read

5 11 9 d4101 d4172 fi4?3 4 ¢4
ImY (q) =4G7% [/ 2n)' (2n)* (2n)] (2m)°0" (py + p2 +p3 —q)

YT [% (a+b7")S” (p1)7, (a + b’)‘ﬁ)S{(_}Uz)] S}(Pa)’}’y) — 57 8{]

- d'p, d'p, d'p.
Im 372 4G2=[ / L 22— 5 2n)'6" (py + py + p3 —
m 2""(q) 1 ] @ n) (%)4( m) 0" (p1 + P2+ Ps — q)

(’Y”S}(P:s)’?’y(ﬁ +b7°) 5= (=p2) v, (c + d’f)S}(pl)%) — 5 S"*’} |

i
N/



Connecting to Boltzmann

« Inerting the propagators gives

Ll oo 03413’1 d4pz fﬂ}’)‘:j Y54 _ _ _ _
i £ (0) =16 [ S0 R B ) s k- 0)[ (1 )0 )0 R

+ f1f2f3] v Tr [’}”,u, (*’1 + b’}‘ﬁ) p(P1)V (ﬂ + 575)!)(—?2)] p(p3)y”

A d'p, d'p, d'p
I $82( ) —4G2 / 1 2 3
o (4) d (2??)4 (2??)4 (2?1')4

(2m)'8 (1 + po + p3 — @) (1= ) (1 = o) (1 = fo)

+f 1f2f3] (*}f“p(pg)v” (a + b7”) p(—pa)y.(c+ dv5)p(p1m) |

i
N/




Connecting to Boltzmann

« And yes, this exactly gives back the Boltzmann integral!

 ret,s &p, &p, Bo.
1r {K m ¥ L/r(q )] a (Qﬁ)df (zﬂ)f’*pwl / (zw)?*pzﬁg / (QW)%Eg . (

X [54(}?1 + D2 + p3 — @) M (g, =, m3)|*[(1 = 1)) (1 = f2)(1 = f3) + fifof3]
+54(p + po — p3 — q)| Mk (my, —ms, —m3)| (1= f1)(X = fo)fs + f1f2(1 — [3)]
+0%(p1 + p3 — Py — Q)| Mic(my, mg, m3) |P[(1 — f1) fo(1 — f5) + f1(1 — £2) f4]
+8%(pg + p3 — p1 — Q)| Mik(—my, —mg, m3)|P[f1(1 — £2)(1 — f3) + (1 — £,) fof3]
+54(P3 — P2 — q)|[ Mk (—my, mzam?,)‘g[ﬁfz(l — f3) + (1= f1)(1 = f2) /5]
+54(Pz — p3 — Q)| Mg (—my, —my, —m:i)|2[f1(1 — ) fs + (1 = f1) f2(1 = f3)]
+0%(p1 — P2 — p3 — Q)M (my, ma, —m3)|°[(1 — f1) fofs + fi(1 — f2)(1 — f5)]
18 (—py — — )| Mic(=ma, ma, —mg) Plfufofs + (1= F)(1 = f2)(1 = f3)]

Kinematics Matrix element Quantum statistics

|M;{(m] y Mo, T3y P14y P24 P3y Q)lz = ‘Mi’(mlamﬂa mfﬁ)‘z — 40?:17-;?(?’?’11???121 md)



An example in cosmology:
Neff in the SM



Nefs in the Standard Model

* Negis the “effective number of neutrino species”; parameterises expansion rate
during BBN and CMB decoupling

¢ In the SM it is defined as = 3 11 eff

& L 7( 4 )4/3NSM
P~ T/me—0 3

e Nef=3 in the SM if
i) primordial plasma is ideal gas,
ii) neutrinos decouple instantaneously,
iii) neutrinos decoupled at temperature T >> me
None of this is really true, leading to deviations from Neg= 3

* BSM phenomena also lead to deviations from Neg= 3 (extra light particles,
modified expansion history, non-standard neutrino interactions...),
making Nef a powerful probe of BSM physics

 CMB 54 can potentially measure Nef with sub-percent accuracy

( )
 Computed the current state-of-the art value in the SM Froustey/Pitrou et al 2008.01074
M Akita/Yamaguchi al 2005.07047
Ng" = 3.0440x=0.0002 Bennet et al 2012.02726

k(used by PDG, in CAMB and CLASS codes, major collaborations like DES, DESI...)



https://arxiv.org/abs/2008.01074
https://arxiv.org/abs/2005.07047
https://arxiv.org/abs/2012.02726

Nefs in the Standard Model

* Negis the “effective number of neutrino species”; parameterises expansion rate

during BBN and CMB decoupling
¢ In the SM it is defined as

e Nef=3 in the SM if

Pv
P~y

i) primordial plasma is ideal gas,

ii) neutrinos decouple instantaneously,

iii) neutrinos decoupled at temperature T >> me
None of this is really true, leading to deviations from Neg= 3

p~ + pv + [new physics| = py + Negrp, =

T/m

e—0

2
-
— 74
15 7

[

8

4

4/3
T NSM
11) eff

(

—

7
]-‘I_Neff_

)4/3

4
8 \ 11

 CMB 54 can potentially measure Nef with sub-percent accuracy

-

N = 3.0440 -

-0.0002

 Computed the current state-of-the art value in the SM

|
Froustey/Pitrou et al 2008.01074

Akita/Yamaguchi al 2005.07047
Bennet et al 2012.02726

k(used by PDG, in CAMB and CLASS codes, major collaborations like DES, DESI...)



https://arxiv.org/abs/2008.01074
https://arxiv.org/abs/2005.07047
https://arxiv.org/abs/2012.02726

QED Equation of State

QED equation of state can be computed from partition function Z

In practice InZ is expanded in powers of e

mZ=mnZ9 +mz® +1nz® 4 ...

From this, contributions to energy, pressure and entropy care computed

I

P = > In ARS
T2 91n Z(™) opPn)
(n) _ _ _ p(n)
S T R T
my 10 TlnzM™|  p) 4 po)
S — —

V oT T |



QED Equation of State

At zeroth order one finds ideal gas

T [> (14 e Pe/T)2
P(O):—/ dp p? 1 ,
2o T LA BT

I - 2FE E ]
0) — — R ¢ | 2l
P ’?T2/0 P eBe/T 41 eBy/T —1]°



QED Equation of State O(e?)

The first correction comes from In 72 — _

T e2T2 oo p2 o2 00 p2 2
p — Lz _ / ap / dp
v 272 )y YE, P 8t\J), TE, P

2,12 00 ~ ~
e“m _ pp p+Dp .

| - dpdp In ~| Mpnp,
1674 //0 E,E;, |p-p

Usually the log-dependent term is neglected



QED Equation of State O(e?)[no
log]

Neglecting the log term yields

T p2T2 oo p2 o2 00 p2 2
PP = 1nz® = / dp = / dp =
V H ]_271'2 0 pEan 87{'4 0 p e

22 oo 2 2 00 2 2
@ _ _ el / an P T € / p”
P 1272 /. pEp (np +T0rnp) - 371\, dpEan

62 00 p2 00 p2
dp— dp— T
ir? (/0 'E, ”D) (/0 VB 3T”D)’




QED Equation of State O(e?)

Adding the log term yields

T p2T2 oo p2 o2 00 p2 2
PP = 1nz® = / dp = / dp =
V " 1272 0 p Ean 84 0 P E, "D

212 ,OO 2 2 00 2 2
(mzeT/d& T € /d&

62 00 p2 00 p2
dp— dp— T
ir? (/0 'E, ”D) (/0 VB 8T”D)’

2)111_ Z .
15 o // dpc:fl;r)EE”lnp_5 np (2T0rnp — np)




QED Equation of State O(e?)

The next correction comes from

InZ® = %

It reads

T e3T
PB) = > In ASUES 1 27T413/2(T) 0




QED Equation of State O(e?)

The next correction comes from

_ 1 1
In Z) _% %é:j\:‘? 3*+4§:§+...

It reads
32
T e3T 3 e’ 1/2
@ _ T, 6 _ 3/2 (3) — IY20,1
PO == InZ ST p - T
with

It turns out to be important

0O 2 2 . i .
p°+ B e This correction was previously neglected
I(T)Z/ dp( p)np ' e
0



Impact of NLO QED Corrections

e Neff in the SM is found by solving
(d/dt) prot +3H (ptot + Prot) = 0, Oo—pHO, = —i[H, o]+Z|g],

* O(e®) correction to equation of state is more important than neutrino oscillations!

Standard-model corrections to NV :Eff’l Leading-digit contribution
me /T,y correction +0.04

(9((&2) FTQED correction to the QED EoS +0.01
Non-instantaneous decoupling + spectral distortion —0.005

O(e?) FTQED correction to the QED EoS E —0.001 3
Flavour oscillations

Type (a) FTQED corrections to the weak rates
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Impact of NLO QED Corrections

e Neff in the SM is found by solving
(d/dt) prot +3H (ptot + Prot) = 0, Oo—pHO, = —i[H, o]+Z|g],

4 )

e First inclusion of NLO correction to equation of state at O(e?)
— is more important than neutrino oscillations!

e Estimate of NLO correction to collision term
— 1s negligible (in contrast to claims in the literature).

e First inclusion of experimental error in v-oscillation parameters

— IS Subdomlnant Bennet et al 1911.04504
Bennet et al 2012.02726
| Drewes et al 2402.18481
3.0445 et 3.0445 ' ' ' ' -
NO — S5iN“01>
— D s SN
_____ S — sinZ6
3.04401 e S T s e e Ty 3.0440 oS BT SRR RIS - 13
........................ // ' e N — 5in2923
= 1‘,_.--"1.: ----------------------------------- . ."'" _____________ l_,,,..'.“........-.............llrf",: .....
= 3.0435 1o =¥ 3.0435 47 A
. | — am3
3.0430 - - 304304 .7 R
3.0425 ———rry —— ————
107 107 107 1077 O T 02 o4 o6  os 10
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https://arxiv.org/abs/1911.04504
https://arxiv.org/abs/2012.02726
https://arxiv.org/abs/2402.18481

QED Corrections to Collision Term

The following corrections to the collision term were not included

Vg € Vo e

Ve € Vo €
\;U: ¢ ps/v
f}/
Y
/?:2 P 1)4\«
Ve Ve e

(d)

>7{
(a) (b)
(c)

There is controversy about their impact
Cielo et al 2306.05460 , Jackson/laine 2312.07015, Drewes et al 2402.18481

Diagram (d) is IR divergent in the t-channel, requires usage of
resumed finite temperature photon propagator


https://arxiv.org/abs/2306.05460
https://arxiv.org/abs/2312.07015
https://arxiv.org/abs/2402.18481

Resummed Photon Propagator

1 (P) = (1) Pie [ <oy [iseb(h)yiste (= P

Xem >
RCHTLT%U = W/ dw [2&3({;«’, P)P{_}PQW — 4|k||P|(P§ + ‘P‘?)

e

1
+w, PY(PPP + 278? ~ 2KPIPP + 5P| fr(w)

HTL 3 o P§ . 1_|P|2 Py -
Pg ) 2|P|

Pn—+—|P|
Py — |P]

:| }U, FOTPUZU

QemP? [ |
ReIly) 720 = TP [n dw [8[K|[P| — £1(w, P)(P? + 4w?) — 4fs(w, P) Pow| fr(w)

HTL P2 P,
~ —3m?(1—-——-L)|1—-—-21
“’””f( W) [ 2P|

Py + |P|
Py — |P]

g

] s —3m?2 for Py =0,

Resummation introduces momentum-dependent photon mass and
longitudinal photon mode



Resummed Photon Propagator

4
I (P) = (~1)°*¥ie? [ 05T [iSeP(k)#iste(k = P

(2m)*
900 T = 2m, a=e, p=315T, pup =m, >0
— transverse @ —— m, #0 | — 1Pl — resummed — m.#0
1.751 — 0.0
1971 ——— longitudinal X —— HTL — resummed -—== m,=0
1.50- =F
=
1.5 2
=
R — 3
g Z 3
0.751 3
0.50 1
o 1.0 1
0.251 g 05 -
0.00 45 . 1 . . 0.0 . . . . .
0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0 2.5 3.0
P|/m, T [MeV]
Vv
Impact on Neff is subdominant, but it gives rise to y
well-known plasmon process that is relevant for
Vv

White Dwarf coolings



An example in astrophysics:
White dwarf cooling






log(dN/dM, ;) [pc'3 mag_l]

White Dwart Luminosity Function
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Observing WD Cooling
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Pulsating WDs:
Individual stars

A Light Curve for RY Leonis Minoris
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Phase (assuming a 215.2 second period)
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Cooling Anomaly

HB o

RG

WDLF (Mgy~9) ! |

PG 13511

R o048
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AL/ L
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* Some WDs appear to be cooling too fast....

* Do they emit LLPs (axions, ALPs, ...)?



Impact of B-fields

Can internal magnetic fields explain this within the SM?

* Modity plasma processes y — vv

I <

* Enable synchroton radiation e — evv

"4

° : /v
5
(B)

* Heating through Ohmic decay



Plasma Processes

vy — VvV possible in dense medium due to modified photon and plasmon
dispersion relations, roughly characterised by the plasma frequency

i q—1/2 ‘
— e 1y 5 (372 )%/? ~ (20 keVpéﬂ)
M me

2
“p

Refractive index (“thermal mass”) is determined by electron density,
relevant scale is the frequency

e b f ;
wp = = Me - 11.5 Bys keV B.=m?/e =4.41 x 10" G
mf".- (-

Magnetic fields force electrons on Landau levels, modify refractive index

B

Other effects (Schwinger-like pair creation, modification of wave
function...) are negligible or sub-dominant



https://arxiv.org/abs/hep-ph/9302213
https://arxiv.org/abs/astro-ph/9901156
https://arxiv.org/abs/astro-ph/9901156
https://arxiv.org/abs/astro-ph/9901156
https://arxiv.org/abs/astro-ph/9901156

log,,(Q) [ergsem 5 s™!]

Plasma Processes

oY, = 10° ocm—

3

10

../ (8m) non-rel
/(87) non-rel
/(4m) non-rel

-
.....................

 For typical WD
parameters, impact of B
fields significant...

* ...butonly at temperature
where other processes are
more important



log,,(Q) [ergsem—3s7!]

Synchrotron Radiation

T—50x%x10" K

_pY(: — 103:
— Y, = 10°

gem 3

10

,11.

logm(B) |G]

.12.

13

 B-fields open up new
cooling channel e — evv

* Inrelevant regime the

effect grows with B

 For very large B:

suppression because next
Landau level becomes
inaccessible
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Comparing Mechanisms

oY, =10 gem™

surface cooling

plasmon processes il
synchrotron emission P! / s =
8
/
/
/!
/) | —
/) | Qn (B=TX 10" G)
/' --Q, (B=5x10" G)
| Q. (B=1x 10" Q)
. / _"-Ql;;lnsmnn (B=0)
/ ——87Q, (polarized)
ol 1—Q
........ 0 e e o
6.5 1.0 o 8.0 8.5

7 4

Synchrotron emission can
dominate for large temperatures

Requires comparably large B fields

Can potentially solve the anomaly
for

B~3x10" G
But how to generate these fields?

Non-observation of stronger
anomaly imposes upper bound

B< 6 x 1011 G
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