
MEANDERS
(P.DF+E.Guitter+0.Golinelli+J.Jacobsen)

· Preamble : the physics of folding
· Foldingastirpofstamps fram Lemoine toAno

· Alternative descriptions: I-Algebra
Temperley -Lieb Algebra ; Meanderdeterminant
· Alternative descriptions : It -Geometry
2D quantumgravity andamodelof rivers and roads
Field Theory predictions-> asymptotics

· Related Problems : Hamiltonian cycles on random Enterian
Triangulations



Preamble: THE PHYSICS OF FOLDING
· Polymer chains + interactions 3 crumphieas· Polymer membranes + bending rigidity
· Phantom Folding

Membrane folding meets Integrable Lattice Models



From 11-Ventex model

--- Q : compute the entropy of folding/triangle
9 = 1

.
2087....

To thehicolor model



Flat sheet Folded sheet



Flat sheet Folded sheet

Fully-packed toop gas 0(n =2)
[Baxter'70]



-> 96 ventex model !
No exactentropy but bounds



Whatabout 1D ?



LE PROBLEME DES TIMBRES -POSTE
1 Folding a strip ofstamps)

?
1891 1912

1991



1891



ACTUAL FOLDING IN 1D

· 1D FoldingI/IIIIIII
· 2D Folding I/IIIIIII

I/IIIIIII
I/IIIIIII
I/IIIIIII





GEODESICS ON CONVEX SURFACES



1991



MEANDERS

· closed meander

= meande Mr

A openmeander

= semi-meander In

Questions :· can't these for fixed n
· asymptotics ? universality classes ?



REMARK : OPENMEANDERSEMI-MEANDER

arch configuration
↑ -A -& · M ---↓ -·

rainbowconfiguration
MEANDER = PAIR OFARCH CONFIGURATIONS

A· st



COUNTING · Golinelli's algorithm For semi-meanders

2 Moves :

⑪

Preserves #C .C.

⑪

Changes #C.C -># .C+1

Tree of semi-meanders
useI⑮



Semi-Meander numbers Mn Mu



ALTERNATIVE DESCRIPTIONS

I-ALGEBRA

·Temparley-Lieb Algebra TWp(B) = (e,, . -,en-15)
overK

Ru : (1) =Bei i=1
,
--

,
N- 1

(2) Ciliili = e=

(IntegrableCattice models = Ports Model; Knot theory : Jones;etc.)
· Pictorial representation

--- I ab =
A

b

(Concatenation)



·Relations M:= =pl = Bei
ii+1

Cilitli =/ =11) = ei
w =+1

..

I
M

k

i i+1 it2

· Reduced elements = pullall shings, removeall loops

· left ideals ~www ww w

ofThew(B) -A=resea
-

arch configurations-> linearbasis of Fen
Izn = e,es---en-1 ·Tha(B) dim/Fzn)= Cr =Catalan#



· inner product : provided by the Trace

ir(a)= = peop

(a>==
-

#topsp
B

counts #loops in meanders !!! Mr,>



Meanderdeterminant

g()- 14 -1 =vi

# ↑
WizChethere

[DF+Guilter 96] Proof= Gram-Schmidt !

-> similar results for T
semi-meanders

-

we
= e

,- -T((B)

for ideals



Idea of the proof : Arch configurations and
Dyck Paths

ah
D I reduced element
V >25to I e()=e,est527egestolg 25 27Ig

2 Es5 27 es EIzn

· Change of basis thatmakes (e(0)) othonormal
· By local changes

Eihi -)=
Chobea

Gheighth
↑ norm change -> determinant D



ALTERNATIVE DESCRIPTIONS

#- (Random) GEOMETRY

· A meander is a random map .

&
· Discrete 2D Quantum gravity (Euclidian)

·area
&
-

&

· curvature

flatspace/fattice) fluctivating space/maps



MATTER

>
T T

&
-

&

latticemodel maps+matter

Continuum (largesize , largearea), criticallimit

Conformal Field Theory Liarritle Field Theory
· centralchange KPZ · shingsusceptibility
· exponents -> O exponents

Nirasoro afg reps) /Gravitational dressing)
[Knizhnik,Polyakov, Zamolodchikov'88]



KPZ formula = relates flat space scating to
random surface scaling.

(
Based on the coupling ofmetic (Liavitha) field to Iconformal (matter) field.

MN
zNhiages /(25-~

maps Neo

c = centralchange /flatspace property)
U= shing susceptibility exponent (random space property)

Taske = identify 2 !



Matter= Rivers and Roads

--

Mi
-

--

- #F--

↓-E
Fully-packed loop Tangent meanders
model FPL2 Area = #crossing

c =-4



Prediction from Field Theory: 

vmeande A= entropy/bridge
number : MenA S X= configuration

n->0 exponent

4= 29+N45 (= 2-r)
12

[PDF, 0Golinelli,E.Guilter]



Semi-meander

number Envi
2 = 1 + m(vy+5)

24

· numerical evidence : nar up to 44 bridges ,3decimals ·



SOME RELATED

COMBINATORIAL PROBLEM

Hamiltonian cycles on Randan Enterian
Triangulations
· Enterian = face-bicotorable even-a
· Hamiltonian cycle = single toop
that visits all triangles

Giangles
Dually : - Th

loop-- · 0000

~~random ivalent
map ! ↑ edges



FULLY-PACKED LOOPS ON TRIANGULAR LATTICE

/ V Fully-packed
M loops

Dual
RhombusTiling

=> extraheight (scorefield !)

Conformal theory description :CFP)=Dense
+

[af BloteNienhuis] y
denseloopheightafreedommodel

c = -2+ 1 =- 1



PREDICTION FROM

FIELD THEORY

clea
tang . Hin-w/2N triangles

0= (KPE()
G=2-y



SOME FUN COMBINATORICS

- Cm
-

-> -
· oooo ~W -

do

Cr-m

NOTE: ifwerelaxatex bicoloration we kill

te extra degree offreedom => C = <Dense=-2

kPz(2) = V = -

Zan =Cm = CndutI ~
2-yY4* Catalan numbers

Explicit confirmation of KPZ !



MEANDERS: THE END
2-loop FPL (n , =n0) on
a random quadrangulation

ctypesofes -r
crossing tangent

Dense Dense extra

↓ ↓ ↓
· Eulerian ? ife c = (2)++2) + 1 =3

(vetex-bicolored) draf height IR3=<A , B,C >

·ButNot : c = -4 (noextadf) butstill 2 typesofractices
2dualheight-fIR andanges tvalex irreferent !Field description : A h

RECA
,
B> AA- hB



KPZ
Conclusion : c=-4=

Mineai X=
29 + N45
12

meander exponent

·numerical evidence

(third digit x= 3 .420E))
(also I .Jensen ,T.Guttman)
· more exponents !

associated/multisaices/sinks



CONCLUSION

· 1D real Folding is complicated
exact enumeration

Tempaley-lieb algebra = toop reps for GV/0/n)
model
-> integrable R-matix = #4 +BE

we only scratched thesurface !
· This problem is a 2D problem in hiding

useof 2D quantumgravity = randomsurfaces
· Simpler surfaces : "pilfourcases"-> localpropertiesof
meanders, related to Masur-Veech volumes
[Rantswich

,
Zorich
,Zograf,Delacroix,Goujard]

· Whatabout EX3 of Emile Lemoine?
2D Beyond Phantom folding ? To be continued !
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