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LIMIT SHAPES



OBSERVATION : TILINGS

&

DOMINOTILING OF THE RHOMBUS TILING OFA CUT
AZTEC DIAMOND HEXAGON



OBSERVATION : 20V and HASDT

5

20V w/DomainWall HoleyAztec Square DominoTiling
Bandaries 2



ARCTIC CURVES : THE TANGENT METHOD

· STEP 1 :Ganslate into path model

EX : Rhombus Tiling #
-> Non-Intersecting Lattice paths
Works w/all Tiling models
Waks also with our vetexmodels



6 as a model of osculating paths
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The Tangent Method [Colomo -Sportiello' 16]

·..
limitshape

more this

Zu endpant



The Tangent Method [Colono-Sportello' 163

limit shape
exit paint

↑·
determineJoy
asymptotically

Zu
endpaint

&
extremization

↓
&*

Modified Single maximum

counting problem path contribution

CHard) (easy)



The Tangent Method [Colomo -Sportiello' 16]
limitshape limit shape

exit paint· ↑. ↑
⑧ asymptotically

endpaint
determineJoy
extremization

Scaling Limit : n->0 B ->z

·
C I

The arctic curve
&/-> is the envelope of the

·

E

1
>
C

Z
>A familyof lines(AB).

A fixed => B ; fine AB = tangent



APPLICATION I

(a free fermion case)



A FREE FERMION CASE :

RHOMBUS TILINGS OF A RECTANGLE

&

n

~



COUNTING :

Gessel-Viennot =>

THM
Zoom-an=Aizj

Vandermonde

Proof: LV decomposition : unifare uppartangular
↓ ↓

My=" = 12.

k=0

S
Il ai - ak

ij =>
V= L "M is upper

i-1[=- with
Wii=aG otherwise



TANGENT METHOD : case ofagap
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Yep = /PP (Single path)



ASYMPTOTICS : N-o

P = CN ofE
ai ->NCI)tribution2 = xN endpaints-

k = kN I
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,
wn

=elog NSanLogx((p+2)flu)- a(k)
~e

N [(x+w)logk+w)- Xlogi) - cologc]
Yan

,
on we

Saddle paint=> familyof target lines



RESULT

⑮
x(t) = eS (moment-generating funclasa

X(t) = = - x()[ -x(t)]
x'(t) tERRS Y(t) = [1 - x()]2

x'(t)



one-gap example :(t) = (EER



APPLICATION It

6 V model with DWBC



Tangent Method for the GV-DWBCmodel
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1 pt function Ipath partition function



LARGE N ESTIMATES

· Th
,p
= (relatively) easy , path with weights

- b empty vertices
7

a

· a

↓ b ↓a

Transfer matix : -q
u/step ->Tobu c /step

A & steps↓
e

↑ steps->
R

u tot= k+p steps
Thp=Do)+

R+p+) Inte
:



A & steps↓
R e
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↑K
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= c [ (R)(pykn,
ro
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targe GRE - S
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.

"do 2-NSt,X,of

Spath =
a log +(-) Log-0) +k-)log))-0)
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PARTITION FUNCTION

En = homogeneous limitofthe Izagin-Korapin det
i

(zj + ein, zj-e , q-e, E1, 2, ..,N. )
10

=N(n-u =5det/t i nu=Sindu-y)
↳ "Wranskiantype" + 1 = dam2j

Desnanot-Jacobi (Phrcken) relations :
&
rjx=

N-1N N N-1 N N- 1

- -
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IZERGIN-KOREPIN Determinant

Zb
X

# (zi-zj)(wi-wi)
1jIN

x det )a(zi ,mj)
a(ti

,
w()b(ziwj))
, n

uniform limit :
q=
e
z= =A

zi-/Wi= 1

[Kuperberg96]



N-1N N N-1 N N- 1

- -

=
N-

N-l
N

Zim Zn(m) = Evlu)En(u)-IEncus]
N- 1

reinstate On = I 1
igo I1j !

EntuFN LogE

with Zo (4) = 1 this determines Ep() uniquely .

SZ (u) =w(u)



ONE-POINT FUNCTION

keep are inhomogeneity in thelimit :
in

z
,
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, zn
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i(+v)
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-> fir wa -> 2

Se-- vi+5
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~
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N-1N N N-1 N N- 1
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= N N-
N-l
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Z(m,51 En-(m) =EnIulwl,55]-NIDEM,5)

HN(u,5):5)
Zn(u)

EntF=g



LARGE N ESTIMATES

Zw(u)-e
-N
=

f(u)

EntuFNLgE
e-2f(u)fN=
LIOUVILLE equ

-NET(4,5)EntF=gH

P(,5)=e
=2f(u)-5

↑ Boundary conditions , can be integrated explicitly



Solution : · f(u) = f(n-v)

"f(u) = -Log[Sm
where C=, q

=e

· T(u0;5) = ((u-v;5)

↑lust= Log]Sink, + f(x)



Back to the tangent method : A

-
·

W
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· Wup= In k
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& firk *dominant
contribution ?

⑧ Ent= H]) for i=(5)=
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e
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Result (6V-DWBC)
· Family oftangent lines y + A(5X

- B(5) =0

· Arctic curve (NE particl

= jy = B(5) -A(z)B)
A'(5)

JE[u+y -T, 0]



Uniform case : (n=, u-v= &
the full curve is the union of 4 ancs ofellipse.

As in
SFree Fermic Non-free fermic- Ecase

Case
1 T

I

DPP ASM-Non Analytic atjunctions !



APPLICATION

The 20Vmodel with DWBC



20 Vertex model

·Same idea but Liangular lattice

· 20 localenvironments

⑭s

osculating Schroden paths (h , 0,d steps) ·



Homogeneous weights :
in

q =e

S z= l i(+x)w= e
- i(+x)

t = eim
↳ w

Z ⑧

Uniform case n===0



A FRANCO-BELGIAN

COLLABORATION

(Brian Debin - 2019) + non-uniform cases
aswell

, by Glauber dyn



TANGENT METHOD
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one-pointfunction single path



One-Paint Function (Domain -Wall Bondaryconditions)
↓differentspecial-
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integrability !



Single Patt Partition function

use transfer matix technique :
--

T=
! w, p Cur Wan generatingfunction :
↳ ↑user usur GuI &( ,> =101E-T5'(0)
-

rose user Now



A symptotics are entirely determined by the
determinant of (I-T) :

function of the 7 weights !

Conty dependence on 10.-cp is from YR,p(



RESULT : ARCTIC CURVES



uniform

o < y < F



#HolyAztec square
domino tohings (uniformets)



2OVDWBC1> HASDT correspondence
of Arctic Curves

(NE)

-

-freefermia
-

Free FermiaCcase
⑳ h



INTERACTING PATHS :

A SIMPLE MODEL



A NILP Model with multiplevertical edges
I'

-
·

J ↓ weight= Gott,++
-
,well

I limitofcolored Vertexmodels
[Garbali-Wheeler]

+Special
boundary
conditions



BIJECTION TO NILP WITH EXITS

at ai + i iC[o
,
n] ·

"Sliding": path i hanslated byI
90 9.+ 92+2 Enth

E

I

2

Y

↑ ⑭
z = z4P(i+i))=hati)) EFGuiters

&Vandermande

Ex ai= : (DwBC) => z = 2M+/2 determinant



ARCTIC CURVE

90 9.+ 92+2 Enth

E

I

2

W E W E
Y

man-analy sliding analytictic
->

↓ranch is hanslated

branch is sheared
=> na-analyticityat

function !



CONCLUSION

· Integrability
exactenumeration + refinements (eg + pointfunction !)
· Tangent Method
very robust = applies both to free and non-free
fermia cases stillnot rigorous (Aggarwal)

· Limitshapesu non-bijections
matching of firrit shapes
shear phenomena
more examples ? ROVDWBC3

,
DTof PachterTriangle)



DT of Pachter common

Triangle part ofI t

Arctic curve

201

DWBC3
t (uniform)

F



shear

again !

*analytic
continuation

F ---------

shear



20V on a Triangle



uniform case = degree 10 algebraic curve


