
     TILINGS, VERTEX MODELS AND
OTHER REMARKABLE COMBINATORIAL
                      OBJECTS
· The Six Ventex /6V)model and its relatives 6V

& Integrability : the Yang-Baxterequation * 1.and the Izergin-Korepin determinant
· Descending Plane Partitions (DPP) DPPE

Proof of the GV-DPP correspondence
· The Twenty Vertex (201) model 20V

· HoleyAztec square Domino Tilings !
Proofof the 201-HASDTcorrespondence

HASDT

· other 20V correspondences and conjectures

Chaire DLVP 2025



THE SIX VERTEX MODEL



Square Ice

Replace data by dipolar
momental->,5,

↓
,4)

Fe Rule ateach vertex

# incoming arrows#= #outgang arraisGV
Solution : free energy per square = 14/131

Lieb67]



# SIX VERTEX MODEL

· Model for 2D ice (H20)
· Arrais =dipolarmomenta 0-H+

->

· Conservation four 2 entering arrows
Zatgong

at each vertex
vn V N ~
3 1>> 3

va - 1

6 Vertex model
+ DomainWall BoundaryConditions[Lieb 67]

(nxn square)



6V
,
ASM

· "Magic squares" with 0, 1-1 entries
· generalizationsof permutations

AlternatingSign Matrices
[Robbing- Rumsey 82] 00001 - 1

V a nv
> > <>> > 3

~ - 1

[Kupabag '96]

6V



6V
,
ASM
,
TSSCPP

Rhombus Tilings
ofa(2n,2n

,
2n) hexagon

ASM wallpossible symmetrics

Totally Symmetric
Self-Complementary Plane

GV Partition

[Andrews 70's]



6V
,
ASM
,
TSSCPP

,

DPP

rhombus tilingsof a
holey (n,n+2,nn+2,n,n+2)
hexagon with 23
rotationalsymmetry

ASM

E↳ TSSCPP

EV

DescendingPlane Partition
[Andrews 70') [Krattenthateoos]



6V
,
ASM
,
TSSCPP

,

DPP
,

NV

2enumeration of

TSSCPP

⑫

Nilpotent Variety
(degree)

ASM [DF+ZinnJustin05]

TSSCPP

GV

DPP



6V
,
ASM
,
TSSCPP

,

DPP

=An Y
96]

ASM
Mbjection

Eldera 96) ↓
F

TSSCPP

GV

DPP



LOOP MODEL (Physics strikes back)

each
squareface on the sami-infinite cylinder

is E EY with probabilitiesO

P 1-P pelo, 1)

3



RAZUMOV-STROGANOV CONJECTURE

each
squareface on the sami-infinite cylinder

is E EY with probabilities
P 1-P pelo, 1)

[Nienhurs
DeGier bij
Razumov

Stroganov 00]
[PDF
,
Zion-

Tastin 04] bij. bij .
[Cantini-
Sportiello10]

L



INTEGRABILITY



R-operatorformulation
V

V N ~

Rephrase weights > - 24- 3

~ & v - 1

- um -
↳ C

as entriesof matix ofan operator R :
V
,@V -> V2QVa

V = (2= Vect( ->,4)
V
, y Vz

V2 = (2= Vest(1
,
↓I

R(z
,w] : ⑱

V Vi

Fact-

Yang-Baxterequatical



(Trigonometric) Solution to the
Yang-Baxter equation

qg
F I

V a V N ~
3 Z 7Z 1 z> 7) 24 3
~ &
-

- 1

w W z E W zu

( Matrix Elements of R !)

-



IZERGIN-KOREPIN Determinant

Zb
X

# (zi-zj)(wi-wi)
1jIN

x det )a(zi ,mj)
a(ti

,
w()b(ziwj))
, n

uniform limit :

q=e z= =A
zi-/Wi= 1

[Kuperberg96]



PROOF ① Symmetry
&

· Multiply by R matix X
-

nnnnnn
C

· evaluateatentering states #

· ↳&&
~ v v vy



PROOF & Symmetry (from Integrability)
&

· Multiply by R matix X
nnnnnn

C

· evaluateatentering states #

Zi

Zi+/

· ↳ · Use Yang-Baxter relation
&

&-
- e

=> ZE - Ziziti,We-wa)
nnnnnn

C

< Zi+1⑮ Zi

= z(z,
---Eit

,

Zir;-wa
&

... v-
↑ same for w&



PROOF ② Recursion relation

nam -N

S

wi=qz = alzm)=0C

[·
-

& => = c (m)
&

... v-w
,



PROOF ② Recursion relation

n M a M -N

In a -

C
wi=qz = alzm)=0

> [·
S

=> = c (m)

z &B&

↑ vvc S &

vv v vv
=>En( , ze-En;W--wille

,

w
, Wz Was

=a kib,=)
* Eri_1 (72

,-En; We,v)

① and ② determine polgracial En its



HOMOGENEOUS LIMIT

tim Enzww =E( ,y)x= y=
W=- r

-

= b12I
cafigs orXyY

ASM #1-13=Naz ; Inv(A)-#t1)=Nb,

= refined g .f . for ASM.
From 1K determinant :

Er(,y) =cabin
&

↑
/

Taylorexpand the limit.



Note : alumin = nq-uq
↓ ↓

A-Jij=
⑭O [tij zi=2) -qu

/obvious !
i
,jo

② det(A - - A+) < det/ - A=A+) < det(f-I+G)ij
D

,jIN-1
where

v=Gjz

=> Zn(X
, y) = det (·jenzuw-(y-zw)

↑ ↑
Finitehuncation infinite matix



DPP

(Descending Plane Partitions)



-

-2



COUNTING : GESSEL-VIENNOT

# (LGV) Partition fath of ledge-weighted)
NON-INTERSECTING LATTICE PATHS /starting pts
S--Sn and endpoints e , --en ,

such that sizej and sitIt

mustinters:

Z
sirsuje ,-en

= det (Esijej) =det(z)
1S[

,j14

⑳ for a come /Si =si ,ti form a segments)

z =[] detZ = det(I+E)
2 i,--<iR Si..SiSii-- -Sin)
- [Cauchy-Binet
diagonal misorsof 0.0]
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&DPPpl
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⑪O [DF+ Behrend +PEinn-Justin'11
, 12]

EDPP(N)=d ENFzwwzulzvi)

Thm②

ZDpp(n)( ,g) = zor(X
,8)

- refinements



PROOF

EDPP(N)=d ENFzwwzulzvi)

(z(X
, y)=det+-yz(ziwi)

Both huncations ofa matces : relate them !

Lemma
n columns

1/1/det-

....... "yly
nXn

n raws
truncation



PROOF

EDPP(N)=d ENFzwwzulzvi)

(z(X
, y)=det+-yz(ziwi)

Both huncations ofa matces : relate them !

⑭ (- z)(1 - (+r>2) -Dpp(z,w) - D-y-x-1z)(tw) fasM/ut
= (X up-u)- y(t-v)- v) x rationalfraction (z,w)-

=0 !

Conclusion F(zu)=Ajziw = (-xz)/1-Mw) E(z,2)
generates (I-XS) A F-MSE => samehuncated dets

-> laveTX suppert ⑭



20V

THE TWENTY VERTEX MODEL



20 VERTEX MODEL

·Same idea but Liangular lattice

· (3) = 20 localenvironments /icerate)



& &

& &



Integrable weights
· Define 20V weights by resolving tiple intersections (fYang)

carbyas
,
by

,
2)t

zu t
zu 3 t

~

2 O

Bt
GV

= I alZ = Z Cr
Z · e

y ap
z

6Vn me
(91b1

,
2) =>x()x

6V,

z, t, w = three spectal parameters



Integrable weights
GV,

6V2

6V3

= ↑
=25

= b
,az

· Homogeneous case : 3 parameter family : (,9)



9 = ein

S z= l
i(+x)

w= e
- i(+x)

t =
eim

uniform : Y

S=
m = 0



Partition function (Domain -Wall Bondaryconditions)

w
, v - - - - En

z,

t
,

zz
+

z

: i
En

ten------ twoN

Z
zor

~ Zov(a ,b ,c)
Z uniform 20VZ(1

,
E

,
1) 6V

,

zn= 1
,
3,, 433 ,

19705....



(23)



DPP for 20V ?

↓

HASDT



Domino Tilings ofThe Holey Aztec
Square with quarter- turn symmeting .

E



#*
w z zu 1

-g
ik+

"
iz+ 1

[
, + 1

·
Forbidden!

i is --- im zn = 1
,

3, 433
,

19705..



: Gesiel-Virmnot!

I

&

EX : n= 3 det[)% /DominoTiling,T -



↳



⑮ Z zo(uniform) = Ev (1,E, 1)
[DF+Guitter 19]

= ZHASDT (uniform)

#roof same technique as ASM-DPP
27

FHASDT = 1 Ew + (l-z)(l- z-w- zw)

Esv/li=r += (3)1-z-w- zw

Proof: (1+ iz) /1-2) for(1, 1) = ( -z)(1-i2) FHASPTS

+ refinements



OTHER DWBC FOR THE LOV MODEL

↑ an and t +d

>- [ -

M M

2- [ -

M M

>-1 -

M ↑

2- & -

M M

>- - -

~r vr vr v rvM

1
,
3
,
29
,
901
,
89893....



E
[Temperley-Fisher 61]

97

-

I



t

Result =





[

⑳of -

↓
-

-

-

O

Conjecture stillopen, except for "no roof"



N f
--

conj .

ice dominos



Conjecture stillopen, except for "no roof"case



20VDWBC3> DTof PachterTriangle [DF21]

-
DT of AztecTriangleon
-

20V-DWBC3 Qu En = 1
,
4
,
60
,
3328 ,. - -



# [DiFrances 2021]

20V-DWBC3 DT

ZQ
,

= Zain =detwaslivi
⑳jecture(NowThm [Soutschan2[[[Corteel- Krattenthale23]

20V-DWBC3

Zan =21
= 1
,
4

,
60
,
3328

,
678912

,
...

-> refinements see also : [CIVCV'21] Krattanthate'21]
[Koutschan-Krattenthaler -S

+ combinatorialproof [Byun ,CIrcr'25]
chosser24]



CONCLUSION

⑥ Integratility and Combinatories
exactenumeration

free fermions us interacting fermions

· Non-bijections
6V-DFP-TSSCPp

However,
ZOV- HAQSDT-ATDT related finit

20V Eriangle -
S shapes !
Jasuirre ..)



>

-eci n'est pas une bijection .


