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0. INTEGRABILITY IN COMBINATORICS

· enumerative combinatories = caut objects in classes

· algebraic combinatories = use algebraic structures

m weight=
**Y

MExample:MV
->

paths [
2N steps

ud = qdwWeyfalgebra [ u
,
d : Weylgenerators

Y V

Representation : Vect & lis , iCe+3 Sk
,
do=0

Zu = (0) (d+u)2 p)
= q-Catalan number [Carlitz-Riordan"64]



0. INTEGRABILITY IN COMBINATORICS

· enumerative combinatories = caut objects in classes

⑧ afgebraic combinatories = use algebraic structures

· Integrability = existence of sufficiently many symmetrices
· conservation faces thatsimplify the problem
· "flat connections"
· commuting operators to be simultaneously
diagonalized .



0. INTEGRABILITY IN COMBINATORICS

OBJECTS: Lorentzian Triangulations/Trees (HIDQG)
· Planar Maps/Blossom Trees (2DQG)
· Friezes/DominoTilings/Paths (ClusterAlg.).
· Ventex Models/Loop Models (StatPhys)

TOOLS · Generating functions , Bijections
· Commuting hansfermakices
· Networks
· Yang-Baxter equation X =X
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↑
INFINITE SIZE MATRIX !



· T = infinite (come) matrix "///
I,

· generating function :

· f+ (w) = 2 z wr.Tij=
i
,j>0

· Matrix Product = Convolution of gen , fatus -

&AB(z,2) = [z" wiAB),ji
,jo
-

= 2 RAWIEE B&,j
=,j ,ko

= Pfalz,E)fi(E,ws
= fa * f B17,2

· Vectors Jok)=et
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/of the mateix entires) :

= f+ (z,w)



INTEGRABILITY

⑰
= const,

=> COMMUTING TRANSFER MATRICES !



=> ONE-PARAMETER FAMILY OF

COMMUTING TRANSFER MATRICES

Set Pla
,gl=g+q ; X=

=> for fixed q , T(g) = T,(x) 1-parametercommuting family

8Tg(xy(,)=

1

=-que 1 -X qu
1-gz1-gw



=> ONE-PARAMETER FAMILY OF

COMMUTING TRANSFER MATRICES

Set Pla
,gl=g+q ; X=

=> for fixed q , T(g) = T,(x) 1-parametercommuting family
1

8E,)=-que 1)Xw

FE=#quy
m+

--

muth eigenvalue Evsms(z) Frms (a)

SPECTRAL DECOMPOSITION !



SOLUTION

Partition function for Triangulations no : laver and juppen
triangles and N time slices
j

=I
#

a zj zenitquesi
,j

-> continuum finit
, sanding functions, etc .

(g,a)+ S#a =+q,=







Example : A random triangulation of the sphere

1

·
Planar Triangulation Cubic

map
(Trivalent)



counting/weight
g/Veitex

(i.e. gArea (dualmap) (





Properties : (1) Onemore I than (conservationCan
D

=R
weightg/vertex

its



initial data : R-1 =0 Ro = R , solof R= 1+3gR2



(DISCRETE CLASSICAL INTEGRABILITY





3. A
,
T-SYSTEM (Frieze patterns)

Tijt Trip = Th
,jT + ↑\

itj=0[z)

· 1+ 1D recursio relation : i = space j= time

· initialdata assignment : Tiki =ar ; Ki-broken fine
1Ri+ -kil=1

in
·Tij(a) 2

-

--- ⑧

& - & &
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---

& 9 & ·

al am⑧ & 6 O & ⑧
9-
· .

As ⑧ &
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CLUSTER ALGEBRA FORMULATION

· initial broken line -> infinite quive & + variableateach ventex

(a=, itz)

Es

---
&· Ha,---

·

G
, as arjig

g

a-4 Ag



CLUSTER ALGEBRA FORMULATION

· initial broken line -> infinite quive & traiable/vertex
· applying the equationlocally -> mutation of Q/variable

↑

---↑. ---
↑ ↑
mutation



CLUSTER ALGEBRA FORMULATION

· initial broken line -> infinite quive Qtvaliable/vertex
· applying the equationlocally -> mutation of Q/variable

↑

·
①

---↑ ↑ T
.

---
↑

mutation



CLUSTER ALGEBRA FORMULATION

· initial broken line -> infinite quive Qtvaliable/vertex
· applying the equationlocally -> mutation of Q/variable

I ↑

↓
b
=+1 ) = k

· = det(* )

"↑ T
.

---

g ↑ ↑
mutation

-> reptation of the broken fine from initial
data to ratex [

, j) -> Tij(a)= LaurentPol(SaiSicE



INTEGRABILITY/COMBINATORIAL SOLUTION

. 41
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INTEGRABILITY/COMBINATORIAL SOLUTION

· ----&15 7 -
g

1
d T

bd-ac = 1

b



INTEGRABILITY/COMBINATORIAL SOLUTION

9) 10064 etc...
-

29-
·

· 19
181iV
⑧

Xi
·

··11x9
---

& · · &-Y 7 -
g

1 T

Integers only despite divisions> Laurent Phenomenon
ofClusterAlgebra



INTEGRABILITY/COMBINATORIAL SOLUTION
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your turn !



INTEGRABILITY/COMBINATORIAL SOLUTION

29- -47 * =
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e18 +2xXi
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your turn !



INTEGRABILITY/COMBINATORIAL SOLUTION

-
= 3

⑫ 8X+ z
=2e

X+z
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20
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=> INFINITELY MANY CONSERVATION LAWS

(DETERMINED BY INITIAL BROKEN LINE)



SOLUTION : CONSTRUCTA FLATCONNECTION

broken fine
CupperT)

CowerT]



SOLUTION : CONSTRUCTA FLATCONNECTION

= #> bb=ac+ 1

S
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b

=> MUTATION ES REFACTORIZATION DU= U'D'



SOLUTION

(j)
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Go
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CONSERVED UNDER MUTATION



PROOF U
,, (a,b)= 1

E(5]Tij D
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SOLUTION : NETWORK FORMULATION

· The formula gives Tij (saibie) as an explicit
Laurent polynomial vo/ coefficients in E+.

· reformulation as network partition function .

12

&

2 Mahix Product

F

I 2 l#
2 concatenation
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Ex "flat" broken fine iMVEX-DUDUDU---
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pathsa Sis (weightofsteps)

I,



10
·
1

original initialdata



0 . 0 - 0 . 0 . 0 o

·o O & G · o

(N : ES0, 1,23)





GENERAL CASE

t
a

a O

· D=w
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gaz 824
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dimer
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4. INTO THE NON-COMMUTATIVE WORLD

Q , QQ ---

·Simplest case ofA .-T-system : mus (2-periodic
Q. QQ --

#system Qn+ Qu-1 = Qu + 1 initialdata (Qo,Q1)
Qu

·Cluster algebra : O mutatias ↓->
Qui =Q

What if Q.Geta non-commutativealgebra ?
Qu-1

&Psyst. Qu+I Qn"Qn-1 = Qu + Qu" + initialdata
(Q0
,
Q)

Thm This is a discrete non-commutative integrable equ.

Conserved quantities ?



2 CONSERVATION LAWS

① Cn :=Qun-QuQu, (grapcommutatory
Thm Cn =Cn+1 (= C , independentofn) (x)

&of: Qui Qu'Que = AutCnQQu=An
=QuAnti Cn+Qu = Qu(Qu+1S



2 CONSERVATION LAWS

① Cn :=Qun-QuQu, (grapcommutatory
Thm Cn =Cn+1 (= C , independentofn) (x)

&of: Qui Qu'Que = AutCnQQu=An
=QuAnti Cn+Qu = Qu(Qu+1S

② kn = Qu"Qn-1 + Qui Qu= (Qui+CQu]Qut
Thm kn = kn+1 (= K, independent ofn)(**)

I roof: *n Kn@n = Qu+ 1 +E
Qn+1 kn+Qu = Q+ Qu + 1

(A) and /*) = left linear recursion
Qu+ 1 - kQn +CQn - =0



Qu+ 1 - kQn +CQn - =0

NB : C = QQQQ
;
K =Q-i

ys Y Y Yz Y3

set: F(H:= [EQu = /1- kt +CE)F(t) = Qu +/Q-KQotn30

=> F(t)Do= (- /gi+Eztys(t+ysyE](- (yn+2a)t)
= (1 - (1 -yst)yet)y ,z)7

NON-COMMUTATIVE CONTINUED FRACTION !

(classically : s



Qu+ 1 - kQn +CQn - =0

NB : C = QQQQ
;
K =Q-i

ys Y Y Yz Y3

set: F(H:= [EQu = /1- kt +CE)F(t) = Qu +/Q-KQotn30

=> F(t)Do= (- /gi+Eztys(t+ysyE] (- (yn+2a)t)
= (1 - (1 -yst)yet)y ,z)

NON-COMMUTATIVE CONTINUED FRACTION !
= PATHS !

FIHQ= ItiT (it)3 Es Es

0-0

i descents

I a mfaths i- i- 1 Yz 22

an 50, 1,2
,
33 8 o 22y5y2 y ,5 &,



AN INTERESTING SUBCASE :

THE QUANTUM Q-SYSTEM forA ,

· C is central in et : set C=q

↑ Qui Qu 1
= Qu I

(x)
Q Qu+1 = q Qui Qu

· functional representation : Qu = difference operators
acting on spaceof functions f(x1,x2) (Tif= f(9x1 ,x2)Tzf= f(x1,qx2)

n+1 n+1

Thm Qn=T, obey
C = 9 k = X ,+Xz Whittaker operators



CONCLUSION=

· Qu is a NC Laurentpolynomialof(Q0,Q1)
with non-negative integer coefficients.
· each NC monomial = path on 10,3]

from 0 -> 0 .

· NON-COMMUTATIVE COMBINATORICS

[ BIJECTIONS !

· NC INTEGRABILITY = NEW WORLD

why 2 conservation Jaws? (only 1 in classical)
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climes

-> Non commutative cluster algebra



9. 100 6
29-

18
· o

· 19
-vi

⑧ &xVVI2
·&9A
&

& & · · &·& 7 -
1 T


