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ETH Zürich

CP3 Seminar
Centre for Cosmology, Particle Physics and Phenomenology
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Invitation

Parke-Taylor formula:
Parke, Taylor (1986)

A(1−, 2+, 3−, 4+, . . . , n+) =
i〈13〉4

〈12〉〈23〉 . . . 〈n1〉
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Reminder*

QCD Feynman rules, color-stripped:
for color ordering see e.g. Dixon’s 1995 TASI lectures
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A Color-ordered Feynman rules

For completeness, in this appendix we give the color-stripped Feynman rules [56], which

are consistent with the color vertices in figure 1. All momenta are considered outgoing.

k,λ

p, µ

q, ν

=
i√
2

�
gλµ(k − p)ν + gµν(p − q)λ + gνλ(q − k)µ

�
, (A.1a)

µ ν

λ ρ

= i gλνgµρ − i

2

�
gλµgνρ + gλρgµν

�
, (A.1b)

µ

=
i√
2
γµ ,

µ

= − i√
2
γµ , (A.1c)

p
µ ν = − igµν

p2
,

p
=

i(6p + m)

p2 − m2
. (A.1d)
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Invitation

Parke-Taylor formula:
Parke, Taylor (1986)

A(1−, 2+, 3−, 4+, . . . , n+) =
i〈13〉4

〈12〉〈23〉 . . . 〈n1〉

Simplification w.r.t. Feynman rules due to

I gauge invariance

I massless spinor-helicity variables

This talk:

I possible for massive quarks, higher-spin particles, etc!

I concentrate on 2 tree-level methods in 4d
(loop methods also available and dimreg-compatible)

Bern, Dixon, Dunbar, Kosower; Britto, Cachazo, Feng; Forde; Badger;
Frellesvig, Peraro, Zhang; Abreu, Febres Cordero, Ita, Page, etc.

4 / 32



Results with 2 quarks
AO (2018)

3+

4+ . . .

n+

1a 2b

=
im〈1a2b〉[3|∏n−2

j=3

{
6p13...j 6pj+1 + (s13...j −m2)

}
|n]

(s13−m2)(s134−m2) . . . (s13...(n−1)−m2) 〈34〉〈45〉 . . . 〈n−1|n〉

3−
4+ . . .

n+

1a 2b

= − i〈3|1|2|3〉
(
〈1a3〉[2b|1+2|3〉+ 〈2b3〉[1a|1+2|3〉

)

s12〈34〉 . . . 〈n−1|n〉〈3|1|1+2|n〉

+

n−1∑

k=4

im〈3|6p1 6p3...k|3〉
(
〈1a2b〉〈3|6p1 6p3...k|3〉+ 〈1a3〉〈2b3〉s3...k

)

s3...k (s13...k−m2) . . . (s13...(n−1)−m2) 〈34〉 . . . 〈k−1|k〉〈3|6p1 6p3...k|k〉

×
〈3|6p3...k

∏n−2
j=k

{
6p13...j 6pj+1 + (s13...j −m2)

}
|n]

〈3|6p1 6p3...k|k+1〉〈k+1|k+2〉 . . . 〈n−1|n〉

KK relations: A(1, β, 2, α) = (−1)|β|
∑

σ∈α�βT

A(1, 2, σ)
Kleiss, Kuijf (1988)
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Outline

1. Massive spinor helicity

2. 4-pt Compton amplitude

3. n-pt amplitudes via BCFW

4. Massive higher spins & BHs

5. Summary & outlook
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Massive spinor helicity
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Feynman-rules calculation of A(1a, 3−, 4+, 2
b
)

Start at 4 pts, textbook way manageable

A(1a, 3−, 4+, 2
b
) 3 2 color-ordered diagrams:

3− 4+

1a 2b

= − i

2(s13−m2)
(ūa1 6 ε−3 (6p13+m)6 ε+

4 v
b
2)

3− 4+

1a 2b

=
i

2s34

{
(ε−3 ·ε+

4 )(ūa1(6p3−6p4)vb2) + 2(p4 ·ε−3 )(ūa1 6 ε+
4 v

b
2)

− 2(p3 ·ε+
4 )(ūa1 6 ε−3 vb2)

}

All done?
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Why spinor helicity?

Consider color-ordered QCD amplitude A(1a, 3−, 4+, . . . , n+, 2
b
)

Feynman rules give function of

3−
4+ . . .

n+

1a 2b

I momenta pµi

I polarization vectors εµ±(pi)

I external spinors ūa(p1), vb(p2)

But all vector, spinor indices must be contracted

Remaining indices ⇔ physical quantum numbers:

I helicities ± ⇔ spins {±1/2}p, {±1}p, etc.

I SU(2) labels a, b ⇔ spins {±1/2}q, {±1, 0}q, etc.

Crucial on-shell notion — little group
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Little groups

I Quantum fields ⇐ reps of SO(1, 3)

I Quantum states ⇐ reps of little group
I massless states ⇐ SO(2)
I massive states ⇐ SO(3)
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Little groups

I Quantum fields ⇐ reps of SO(1, 3) ⊂ SL(2,C)

I Quantum states ⇐ reps of little group’s dbl cover
I massless states ⇐ SO(2) ⊂ U(1)
I massive states ⇐ SO(3) ⊂ SU(2)

Minor complication: spinorial reps use groups’ double covers

U(1) and SU(2) arise naturally in spinor helicity
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Spinor map

Basis for spinor helicity

I Minkowski space isomorphism:*

M2×2,C
Hermitian ↔ R1,3

pαβ̇ = pµσ
µ

αβ̇
=

(
p0 − p3 −p1 + ip2

−p1 − ip2 p0 + p3

)

det{pαβ̇} = m2

I Lorentz group homomorphism:

SL(2,C) → SO(1, 3)

pαδ̇ → S β
α pβγ̇

(
S γ
δ

)∗ ⇒ pµ → Lµνp
ν , Lµν =

1

2
tr
(
σ̄µSσνS

†)

*σ0 =
(
1 0
0 1

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
, εαβ = −εαβ =

(
0 1
−1 0

)
.
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Massless vs massive spinor helicity

Arkani-Hamed, Huang, Huang (2017)

massless massive

det{pαβ̇} = 0 det{pαβ̇} = m2

pαβ̇ = λpαλ̃pβ̇ ≡ |p〉α[p|β̇ pαβ̇ = λ a
pαεabλ̃

b
pβ̇
≡ |pa〉α[pa|β̇

det{λ a
pα} = det{λ̃ a

pα̇} = m
pµ = 1

2 〈p|σµ|p] pµ = 1
2 〈pa|σµ|pa]

pαβ̇λ̃
β̇
p = 0 pαβ̇λ̃

aβ̇
p = mλ a

pα

〈pq〉 = −〈q p〉 ⇒ 〈pp〉 = 0 〈paqb〉 = −〈qbpa〉 e.g. 〈papb〉 = −mεab
[pq] = −[q p] ⇒ [pp] = 0 [paqb] = −[qbpa] e.g. [papb] = mεab

〈pq〉[q p] = 2p·q 〈paqb〉[qb pa] = 2p·q
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Wavefunctions from helicity spinors

εµp+ =
1√
2

〈q|σµ|p]
〈q p〉

εµp− =
1√
2

〈p|σµ|q]
[pq]

⇒





ε±p ·p = ε±p ·q = 0

εµp+ε
ν
p−+ εµp−ε

ν
p+ = −ηµν+

pµqν+ qµpν

p·q
εh1
p ·εh2

p = −δh1(−h2)

uap =

(
|pa〉
|pa]

)
ūap =

(
−〈pa|

[pa|

)
⇒





(6p−m)uap = ūap(6p−m) = 0

ūapu
b
p = 2mεab

ūapγ
µubp = 2pµεab

uapūpa = uapεabū
b
p =6p+m

vap =

(
−|pa〉
|pa]

)
v̄ap =

(
〈pa|
[pa|

)
⇒





(6p+m)vap = v̄ap(6p+m) = 0

v̄apv
b
p = 2mεab

v̄apγ
µvbp = −2pµεab

vap v̄pa = vapεabv̄
b
p = −6p+m
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Little group transformations

Consider Lorentz transformation pµ → Lµνpν

Massless:

|p〉 → S|p〉 = eiφ/2|Lp〉 〈p| → 〈p|S−1 = eiφ/2〈Lp|
|p] → S†−1|p] = e−iφ/2|Lp] [p| → [p|S† = e−iφ/2[Lp|

⇒ ε±p → Lε±p ∼ e∓iφε±Lp
eihφ∈ U(1) encode 2d rotations in frame where p = (E, 0, 0, E)

Massive:

|pa〉 → S|pa〉 = ωab|Lpb〉 |pa〉 → |pa〉S−1 = ωab|Lpa〉
|pa] → S†−1|pa] = ωab[Lp

b| [pa| → [pa|S† = ωab[Lp
b|

ω ∈ SU(2) encode 3d rotations in rest frame where p = (m, 0, 0, 0)
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4-pt Compton amplitude
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Feynman-rules calculation of A(1a, 3−, 4+, 2
b
)

3− 4+

1a 2b

= − i

2(s13−m2)
(ūa1 6 ε−3 (6p13+m)6 ε+

4 v
b
2)

3− 4+

1a 2b

=
i

2s34

{
(ε−3 ·ε+

4 )(ūa1(6p3−6p4)vb2) + 2(p4 ·ε−3 )(ūa1 6 ε+
4 v

b
2)

− 2(p3 ·ε+
4 )(ūa1 6 ε−3 vb2)

}

I plug in external wavefunctions:

3− 4+

1a 2b

=
−i

(s13−m2)[3q3]〈4q4〉
{
〈1a3〉[q3|p13|q4〉[42b] + [1aq3]〈3|p13|4]〈q42b〉

−m〈1a3〉[q34]〈q42b〉 −m[1aq3]〈3q4〉[42b]
}

3− 4+

1a 2b

=
−i

s34[3q3]〈4q4〉

{
− 1

2
〈3q4〉[4q3]

(
〈1a|p3−p4|2b] + [1a|p3−p4|2b〉

)

−〈3|4|q3]
(
〈1aq4〉[42b] + [1a4]〈q42b〉

)

+〈q4|3|4]
(
〈1a3〉[q32b] + [1aq3]〈32b〉

)}
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Feynman-rules calculation of A(1a, 3−, 4+, 2
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4 )(ūa1 6 ε−3 vb2)

}

I plug in external wavefunctions:

3− 4+

1a 2b

=
−i

(s13−m2)[3q3]〈4q4〉
{
〈1a3〉[q3|p13|q4〉[42b] + [1aq3]〈3|p13|4]〈q42b〉

−m〈1a3〉[q34]〈q42b〉 −m[1aq3]〈3q4〉[42b]
}
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−i

s34[3q3]〈4q4〉

{
− 1

2
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Feynman-rules calculation of A(1a, 3−, 4+, 2
b
)

3− 4+

1a 2b

= − i

2(s13−m2)
(ūa1 6 ε−3 (6p13+m)6 ε+

4 v
b
2)

3− 4+

1a 2b

=
i

2s34

{
(ε−3 ·ε+

4 )(ūa1(6p3−6p4)vb2) + 2(p4 ·ε−3 )(ūa1 6 ε+
4 v

b
2)

− 2(p3 ·ε+
4 )(ūa1 6 ε−3 vb2)

}

I plug in external wavefunctions with q3 = p4, q4 = p3:

3− 4+

1a 2b

=
i〈3|1|4]

(s13 −m2)s34

(
〈1a3〉[2b4] + [1a4]〈2b3〉

)

3− 4+

1a 2b

= 0

I spinor helicity helps no matter method
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3-pt amplitudes

Modern methods require on-shell 3-pt input only

3±,c

1a,i 2b,̄

A(1ai, 2
b
̄ , 3

+
c ) = −

iT cī
〈3q〉

(
〈1aq〉[2b3] + [1a3]〈2bq〉

)
= −iT cī

〈1a2b〉[3|1|q〉
m〈3q〉

A(1ai, 2
b
̄ , 3
−
c ) =

iT cī
[3q]

(
〈1a3〉[2bq] + [1aq]〈2b3〉

)
= iT cī

[1a2b]〈3|1|q]
m[3q]

NB! Independent of ref. momentum q

p2
2 −m2 = 〈3|1|3] = 0 ⇒ ∃x3 ∈ C : |1|3] = −mx3|3〉

⇒ x3 =
[3|1|q〉
m〈3q〉 indep. of q
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BCFW calculation of A(1a, 3−, 4+, 2
b
)

BCFW shift:

{
|3] → |3̂] = |3] − z|4]

|4〉 → |4̂〉 = |4〉+ z|3〉
⇒ A → A(z)

Britto, Cachazo, Feng, Witten (2005)

Residue thm: 0 =

∮
dz

2πi

A(z)

z
= A(0) +

∑

poles of A(z)

1

zp
Res
z=zp
A(z)

3− 4+

1a 2b

=

1a

3̂−

2b

4̂+

P̂

= Res
z=z13

A(1a, 3̂−, 4̂+, 2
b
) = A(1a, 3̂−,−P̂ c) i

s13 −m2
A(P̂c, 4̂

+, 2
b
)

=
−i

(s13−m2)[34]〈43〉
(
〈1a3〉[4P̂ c]− [1a4]〈3P̂ c〉

)(
〈P̂c 3〉[2b4] + [P̂c 4]〈2b3〉

)

=
i〈3|1|4]

(s13−m2)s34

(
〈1a3〉[2b4] + [1a4]〈2b3〉

)

20 / 32



BCFW calculation of A(1a, 3−, 4+, 2
b
)

BCFW shift:

{
|3] → |3̂] = |3] − z|4]

|4〉 → |4̂〉 = |4〉+ z|3〉
⇒ A → A(z)

Britto, Cachazo, Feng, Witten (2005)

Residue thm: 0 =

∮
dz

2πi

A(z)

z
= A(0) +

∑

poles of A(z)

1

zp
Res
z=zp
A(z)

3− 4+

1a 2b

=

1a

3̂−

2b

4̂+

P̂

= Res
z=z13

A(1a, 3̂−, 4̂+, 2
b
) = A(1a, 3̂−,−P̂ c) i

s13 −m2
A(P̂c, 4̂

+, 2
b
)

=
−i

(s13−m2)[34]〈43〉
(
〈1a3〉[4P̂ c]− [1a4]〈3P̂ c〉

)(
〈P̂c 3〉[2b4] + [P̂c 4]〈2b3〉

)

=
i〈3|1|4]

(s13−m2)s34

(
〈1a3〉[2b4] + [1a4]〈2b3〉

)

20 / 32



n-pt amplitudes via BCFW
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BCFW recursion for A(1a, 3+, . . . , n+, 2
b
)

3+

4+ . . .

n+

1a 2b

=

1a

3̂+

...

(n−2)+
(n̂−1)+

2b

n̂+

P̂

+

(n−2)+ (n̂−1)+

...

(n−3)+ n̂+

↑ P̂

3+

1a
2b

= . . . =
im〈1a2b〉[3|∏n−2

j=3

{
6p13...j 6pj+1 + (s13...j −m2)

}
|n]

(s13−m2)(s134−m2) . . . (s13...(n−1)−m2) 〈34〉〈45〉 . . . 〈n−1|n〉
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BCFW recursion for A(1a, 3−, 4+, . . . , n+, 2
b
)

3−
4+ . . .

n+

1a 2b

=

1a

3̂−
4̂+

2b

n+

...

5+

P̂

+

4̂+ 5+

3̂−

P̂ ↑

...

6+

1a

2b n+

= . . . = − i〈3|1|2|3〉
(
〈1a3〉[2b|1+2|3〉+ 〈2b3〉[1a|1+2|3〉

)

s12〈34〉 . . . 〈n−1|n〉〈3|1|1+2|n〉

+

n−1∑

k=4

im〈3|6p1 6p3...k|3〉
(
〈1a2b〉〈3|6p1 6p3...k|3〉+ 〈1a3〉〈2b3〉s3...k

)

s3...k (s13...k−m2) . . . (s13...(n−1)−m2) 〈34〉 . . . 〈k−1|k〉〈3|6p1 6p3...k|k〉

×
〈3|6p3...k

∏n−2
j=k

{
6p13...j 6pj+1 + (s13...j −m2)

}
|n]

〈3|6p1 6p3...k|k+1〉〈k+1|k+2〉 . . . 〈n−1|n〉
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Four-quark amplitudes

Lazopoulos, AO, Shi (2021)

A(1, 2, 3, 4, 5, . . . , n) = A(1, 2, 3, 4, 5, . . . , n)−A(1, 2, 3, 4, 5, . . . , n)

identical flavors from distinct flavors

3c,k 4d,l̄

2b,̄ 1a,i

= −
iT aīT

a
kl̄

s12

(
〈1a4d〉[2b3c]+[1a4d]〈2b3c〉+〈1a3c〉[2b4d]+[1a3c]〈2b4d〉

)

Color ordering from adjoint rep.: T aī → f̃ iā
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Adding gluons to four-quark amplitudes

2
b 3c

4
d

1a
5+

= i

{
[1a5]〈2b3c〉[4d5] + [1a5]〈2b4d〉[3c5]

(s15 −m2
1)s34

+
[1a5]〈2b3c〉[4d5] + 〈1a3c〉[2b5][4d5]

s12(s45 −m2
3)

+
〈1a4d〉[2b5][3c5] + [1a5]〈2b3c〉[4d5] + 〈1a3c〉[2b5][4d5] + [1a5]〈2b4d〉[3c5]

s12s34

+
s12[5|1|4|5]− (s15−m2

1)[5|3|4|5]

s12s34(s15 −m2
1)(s45 −m2

3)

(
〈1a4d〉[2b3c] + [1a4d]〈2b3c〉+ 〈1a3c〉[2b4d] + [1a3c]〈2b4d〉

)}

2
b 3c

5+

1a
4

d

= i

{ 〈1a4d〉[2b5][3c5] + [1a5]〈2b4d〉[3c5]

s12(s35 −m2
3)

− 〈1
a3c〉[2b5][4d5] + [1a5]〈2b3c〉[4d5]

s12(s45 −m2
3)

− [5|3|4|5]

s12(s35 −m2
3)(s45 −m2

3)

(
〈1a4d〉[2b3c] + [1a4d]〈2b3c〉+ 〈1a3c〉[2b4d] + [1a3c]〈2b4d〉

)}

Recall: fixed quarks 1 and 2 together by KK relations
Moreover, quark 3 maybe be locked in using (gen.) BCJ relations

Bern, Carrasco, Johansson (2008); Johansson, AO (2015)
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Four-quark amplitudes with plus-helicity gluons
Lazopoulos, AO, Shi (2021)
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Inductive proof. We choose to use the BCFW shift [4d, n+�, for which each recursion
step has exactly two contributions:

1a2b

3c

6+

5+

...
n+

4d
= P̂B

...

5+

3c

n̂+

4̂d

1a

2b

+
P̂C

− +

...

1a4̂d

3c

(n − 2)+

2b
n̂+

(n − 1)+

. (3.12)

(An) (Bn) (Cn)

The first diagram Bn factorizes into the four-quark seed amplitude (B.3) and the previously
obtained [19] n-point amplitude (2.3) with two external quarks. Thus we immediately get

Bn =
im�3|−P̂ e

B�[5|�n−2
j=5 (�P 35...j �pj+1 + D35...j)|n]

s12D35...n
�n−1

j=5 D35...j
�n−2

j=5 �j|j+1��n − 1|n̂�
�
�1|P̂B,e�[24̂] +�14�[2|P̂B,e]+(1 ↔ 2)

�
,

(3.13)
where we have taken care to separate the shifted factor �n− 1|n̂� from the rest of the
denominator. We can also recognize the auxiliary spinor [c5n−1| appearing in the unshifted
numerator factor. Similarly to the five-point calculation, we need to insert the relevant
pole values for the complex kinematics (determined by D̂35...n = 0), for which we obtain

zB = mD35...n
[n|P35...n|4|n] , |n̂� =

|P4n|n]D35...(n−1) + |P35...(n−1)|n]D4n

[n|4|P35...n|n] . (3.14)

We also need to eliminate the internal momentum P̂B:

�3|−P̂ e
B�

�
�1|P̂B,e�[24̂] + �14�[2|P̂B,e]

�
= m�13�[24̂] − �14�[2|P124̂|3�

= −�14�[2|P12|3� − �1|4|2]�34� − D35...n
[n|4|P35...n|n]�1|4|n][2n]�34� ,

(3.15)

where we have inserted the correspondingly shifted expression for |4̂] and further simplified
the result. Therefore, the first residue in eq. (3.12) becomes

Bn = −im

s12
�n

j=5 D35...j
�n−2

j=5 �j|j+1�
[c5n−1|n]

D35...(n−1)�n−1|P4n|n] + D4n�n−1|P35...(n−1)|n] (3.16)

×
�
[n|4|P35...n|n]

�
�14�[2|P12|3� + �1|4|2]�34�

�
+ D35...n�1|4|n][2n]�34�

�
+ (1 ↔ 2).

After slight rearrangement, this can be seen to match the i = n contribution in the
sum (3.10b) of the n-point formula.

The second residue Cn is where we really need an inductive argument, as it factorizes
into an (n − 1)-point amplitude of the same type that we aim to compute:

Cn = A((n−1)+, n̂+,−P̂−
C ) −i

s(n−1)n
A(1a, 2b, 3c, 5+, . . . , (n−2)+, P̂+

C , 4̂
d). (3.17)
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n-point amplitude. We have chosen the above form of the five-point amplitude because
it can be seen as a special case of an all-multiplicity formula that we have found. To write it
in a compact form, let us introduce a shorthand notation for the propagator denominators,
such as D3i...j = P 2

3i...j − m2, as well as the following auxiliary massless spinors:

[cji | = [j|
i−1�

k=j

��P 35...k �pk+1 + D35...k
�
, j ≤ i, (3.9a)

|dji ] =
j�

k=i+1

��pk−1 �P 4k...n + D4k...n
�|j], i ≤ j, (3.9b)

where the matrix factors are ordered by k increasing from left to right. These objects
are slight generalizations of the spinors appearing in the numerator of the two-quark for-
mula (2.3), although now they involve quark momenta p3 and p4. Our all-multiplicity can
then be written as

A(1a, 2b, 3c, 5+, . . . , n+, 4d) = −i

s12
�n−1

j=5 �j|j+1�

�
1�n

j=5 D4j...n�5|3|dn5 ]

×
�
�14�[23][dn5 |3|P45...n|dn5 ] − �14�[2|dn5 ][3|dn5 ]D45...n + m�13�[2|dn5 ]�4|3|dn5 ] (3.10a)

+ �13�[2|P45...n|3|dn5 ]
�

[4n]
n−1�

j=5
D4j...n + m

n−1�

i=5
�4|i|dni+1]

i−1�

j=5
D4j...n

��

+
n�

i=6

m�i−1|i�[c5i−1|dni ]
�i−1

j=5 D35...j
�n

j=i+1 D4j...n
�
D35...(i−1)�i−1|P4i...n|dni ] + D4i...n�i−1|P35...(i−1)|dni ]

�

×
��1|P4i...n|dni ][2|dni ]�34�

�i|P4i...n|dni+1] + [dni |P12|P4i...n|dni ]
D35...i�i|P4(i+1)...n|dni+1] + D4(i+1)...n�i|P35...i|dni+1] (3.10b)

×
�

�14�[2|P12|3� + �1|P4i...n|2]�34� + �1|i�[2|dni ]�34�
�i|P4i...n|dni+1]

���

+ (1 ↔ 2).

The last term in the sum (3.10b) contains the auxiliary spinor |dnn+1], which is not defined
in by eq. (3.9b), because its lower index is larger than the upper index. We supplement
our definition by the following additional requirement:

�n|4|dnn+1] = �n|P4n|dnn+1] = 1. (3.11)

The only other spinor contraction appearing in the i = n contribution, �n|P35...n|dnn+1], is
irrelevant, as it comes with a vanishing prefactor D4 = p2

4 −m2. In this way, we were able
to integrate this contribution into the general sum instead of spelling it out separately.

Note that both |cji ] and |dji ] transform under the massless little group of the spinor |j].
For instance, at five points the only such spinor is |d5

5] = |5], because the sum (3.10b) does
not yet contribute. It is easy to see that the remaining term (3.10a) produces precisely
eq. (3.8). Having thus ensured the base case, we may proceed to prove the complete n-point
formula (3.10) by induction.

– 10 –
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Four-quark amplitudes with plus-helicity gluons
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↑ gluon insertions between like-flavored quarks X

↓ gluon insertions between distinctly flavored quarks X
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5-point amplitude. At five points, the [4d, 5� shift (3.2) now implies two BCFW residues,
the second of which contains two helicity configurations:

5+

2b

4d

3c

1a

=
P̂B

1a

5̂+4̂d

3c

2b

+
P̂C

− +

4̂d

3c

2b

1a

5̂+

+
P̂C

+ −

4̂d

3c

2b

1a

5̂+

.

(A5) (B5) (C5) (E5) (3.28)

From this recursion, the amplitude can be derived in the following form:

A(1a, 2b, 3c, 4d, 5+) = −i
[5|1|P12|3|P12|5]

�
M�12�[5|3|P12|5]

s12s34

�
[35]�4|P12|5] + [45]�3|P12|5]

�

+ m�34�[5|1|2|5]
s12s34

�
[15]�2|P12|5] + [25]�1|P12|5]

� − [5|1|4|5]
D15D45

�
D15[45]

��13�[25] + �23�[15]
�

+D45[15]
��24�[35] + �23�[45]

�
+ [5|1|4|5]

��13�[24] + �14�[23] + [13]�24� + [14]�23����

(3.29)

Note that the mass in the denominators is understood to depend on the relevant flavor, e.g.
D15 = P 2

15 − M2 and D45 = P 2
45 − m2. We follow this convention throughout this article.

A detailed derivation can be found in appendix E.1.

n-point amplitude. Let us now consider the all-multiplicity amplitude with all gluons
appearing between the distinctly flavored quarks 1 and 4, namely A(1a, 2b, 3c, 4d, 5+, . . . ,

n+). The massive-massless shift [4d, 5� now results in four diagrams:

2b3c

4d

6+

5+

...

n+

1a
= P̂B

1a

5̂+

6+

n+

...

4̂d

3c

2b

+
P̂C

− +

4̂d

3c n+

2b

6+5̂+

...

1a

(An) (Bn) (Cn)

+
P̂C

+ −

4̂d

3c n+

2b

6+5̂+

...

1a

+
P̂F

+ −

...
n+

2b

1a

3c
4̂d

5̂+

6+

.

(En) (Fn)

(3.30)

– 14 –
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Four-quark amplitudes with plus-helicity gluons
Lazopoulos, AO, Shi (2021)

J
H
E
P
0
3
(
2
0
2
2
)
0
0
9

5-point amplitude. At five points, the [4d, 5� shift (3.2) now implies two BCFW residues,
the second of which contains two helicity configurations:

5+

2b

4d

3c

1a

=
P̂B

1a

5̂+4̂d

3c

2b

+
P̂C

− +

4̂d

3c

2b

1a

5̂+

+
P̂C

+ −

4̂d

3c

2b

1a

5̂+

.

(A5) (B5) (C5) (E5) (3.28)

From this recursion, the amplitude can be derived in the following form:

A(1a, 2b, 3c, 4d, 5+) = −i
[5|1|P12|3|P12|5]

�
M�12�[5|3|P12|5]

s12s34

�
[35]�4|P12|5] + [45]�3|P12|5]

�

+ m�34�[5|1|2|5]
s12s34

�
[15]�2|P12|5] + [25]�1|P12|5]

� − [5|1|4|5]
D15D45

�
D15[45]

��13�[25] + �23�[15]
�

+D45[15]
��24�[35] + �23�[45]

�
+ [5|1|4|5]

��13�[24] + �14�[23] + [13]�24� + [14]�23����

(3.29)

Note that the mass in the denominators is understood to depend on the relevant flavor, e.g.
D15 = P 2

15 − M2 and D45 = P 2
45 − m2. We follow this convention throughout this article.

A detailed derivation can be found in appendix E.1.

n-point amplitude. Let us now consider the all-multiplicity amplitude with all gluons
appearing between the distinctly flavored quarks 1 and 4, namely A(1a, 2b, 3c, 4d, 5+, . . . ,

n+). The massive-massless shift [4d, 5� now results in four diagrams:

2b3c

4d

6+

5+

...

n+

1a
= P̂B

1a

5̂+

6+

n+

...

4̂d

3c

2b

+
P̂C

− +

4̂d

3c n+

2b

6+5̂+

...

1a

(An) (Bn) (Cn)

+
P̂C

+ −

4̂d

3c n+

2b

6+5̂+

...

1a

+
P̂F

+ −

...
n+

2b

1a

3c
4̂d

5̂+

6+

.

(En) (Fn)

(3.30)
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Note that the contributions Bn, Cn, and En have already appeared at five points, whereas
Fn is a new residue appearing for n > 5, and it is where the main recursion happens. Let us
proceed directly to the final expression, which we again write in terms of auxiliary spinors
that originate from the numerator of the two-quark formula (2.3):

|aji ] =
j�

k=i+1

��pk−1 �P 1k...n + D1k...n
�|j], i ≤ j, (3.31a)

[dji | = [j|
i−1�

k=j

��P 45...k �pk+1 + D45...k
�
, j ≤ i, (3.31b)

|edi ] =
i�

k=6
D45...k|4d] − m

i�

j=6

j−2�

k=5

��P 45...k �pk+1 + D45...k
�� i�

k=j+1
D45...k

�
�pj |4d�. (3.31c)

Note that |aji ] carries the helicity information of gluon j, |dji ] carries that of j, and |ei]
inherits the little-group index d from quark 4. For the i = 5 terms in the sums, we formally
define |d5

4] by imposing
�5|4|d5

4] = 1. (3.32)
It also assures that the five-point amplitude (3.29) is covered by the following n-point
formula:

A(1a, 2b, 3c, 4d, 5+, . . . , n+) = −i�n−1
j=5 �j|j+1�

�
1�n−1

j=5 D4...j [d5
n|P12|3|P12|1|d5

n]

×
�

[en|5][d5
n|1|P123|d5

n]
D123�n|P123|d5

n−1]

�
�13�[2|d5

n] + �23�[1|d5
n]

�
+ 1
s12�n|P12|3|P12n|d5

n−1]

×
�
M�12�[d5

n|P12|3|d5
n]

�
[3|d5

n]�4|P12|d5
n] + [en|5]�3|P12|d5

n]
�

+ m�34�[d5
n|2|1|d5

n]
�

[1|d5
n]�2|P12|d5

n] + [2|d5
n]�1|P12|d5

n]
��

(3.33a)

+ [d5
n|1|P123|d5

n]
D1n�n|P123n|d5

n−1] − D123n�n|P1n|d5
n−1]

�
�24�[1|d5

n][3|d5
n] + �23�[1|d5

n][en|5]

− [d5
n|1|P123|d5

n]
D123

�
[13]�24� + �14�[23]

�
+ [d5

n|1|P123|d5
n]

D2
123�n|P123|d5

n−1]

×
�

�13�[2|P123|n�[en|5] + �23�[1|P123|n�[en|5] − m�13��4n�[2|d5
n] − m�23��4n�[1|d5

n]
���

+
n−1�

i=5

M�i|i+1�[ani+1|d5
i ][d5

i |P23|P4...i|d5
i ]

[d5
i |P3...i|2|3|P3...i|d5

i ]
�n−1

l=i D2...l
�i−1

k=5D4...k
�
D4...i�i + 1|P2...i|d5

i ] − D2...i�i + 1|P4...i|d5
i ]

�

×
�

[d5
i |P23|P4...i|d5

i ]
D4...(i−1)�i|P2...(i−1)|d5

i−1] − D2...(i−1)�i|P4...(i−1)|d5
i−1]

�
�1|P2...i|3]�24� + M�14�[23]

− 1
D4...i�i|P4...(i−1)|d5

i−1]

�
�1|P23|P4...i|i��23�[ei|5] − D4...i�1i��24�[3|d5

i ] (3.33b)

+ m�1|P2...i|d5
i ]�23��4i� + M�13��i|P4...i|2][ei|5] + mM�13�[2|d5

i ]�4i� + m2�1i��23�[ei|5]
��

+ 1
�i|P4...(i−1)|d5

i−1]

�
�1|P23|d5

i ]�23�[ei|5] − �1|P4...i|d5
i ][3|d5

i ]�24� + M�13�[2|d5
i ][ei|5]

��
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+
n−1�

i=5

M�12��i|i+1�
�
[3|d5

i ]�4|P3...i|d5
i ] + �3|P3...i|d5

i ][ei|5]
�
[d5

i |P3...i|3|d5
i ]

s3...i
�n−1

l=i D2...l
�i−1

k=5 D4...k�i+1|P3...i|3|P3...i|d5
i ]�i|P3...(i−1)|3|P3...(i−1)|d5

i−1]
(3.33c)

× [ani+1|P3...i|2|3|P3...i|d5
i ]

[d5
i |P3...i|2|3|P3...i|d5

i ]

+
n−1�

i=5

m�34��i|i+1�
s3...i

�i−1
k=5 D4...k�i|P3...(i−1)|3|P3...(i−1)|d5

i−1]

×
�

[d5
i |P3...i|2|1|P3...i|d5

i ]
�
�1|P3...i|d5

i ][2|P12|P3...i|d5
i ] + �2|P3...i|d5

i ][1|P12|P3...i|d5
i ]

�

s12�n|P12|2|P3...i|d5
i ]�i+1|P3...i|3|P3...i|d5

i ]

+
Ms3...i[d5

i |2|P3...i|d5
i ][ani+1|d5

i ]
�
�12�[d5

i |P3...i|2|d5
i ] + �1|P3...i|d5

i ]�2|P3...i|d5
i ]

�
�n−1

j=i D2...j�i+1|P3...i|2|P3...i|d5
i ][d5

i |P3...i|2|3|P3...i|d5
i ]

(3.33d)

+
n−1�

k=i+1

M�k|k+1�[d5
i |P3...i|2|P3...k|P3...i|d5

i ][ank+1|P3...k|P3...i|d5
i ]

s3...k
�n−1

j=k D2...j�k|P3...k|2|P3...i|d5
i ]�k+1|P3...k|2|P3...i|d5

i ]�i+1|P3...i|3|P3...i|d5
i ]

×
�

�12�[d5
i |P3...i|2|P3...k|P3...i|d5

i ] + s3...k�1|P3...i|d5
i ]�2|P3...i|d5

i ]
���

.

Here the momentum sums like P3...i are always understood in the “clockwise” fashion,
namely P3...i = p3 + p4 + . . . + pi−1 + pi. The proof of eq. (3.33) is very similar to that in
the previous subsection, and we leave it to appendix E.2.

3.3 Gluons in between both distinctly and like-flavored quarks

Recall that in order to construct the full color-dressed amplitude with four quarks one
needs [38] color-ordered amplitudes of the general form A(1, 2, 3,σ(4, 5, . . . , n)), This of
course includes the cases where gluons are inserted on both sides of quark 4. Due to the
complexity of the recursive structure, we refrain from computing the closed formula in this
ordering. Alternatively, here we present a BCFW shift to extract the numerical result of
the amplitude. In this ordering, we found it most efficient to use the shift [3c, 5+�. The
factorization channels are

4d

k+

...

5

3c

2b
1a

n+

...

(k+1)+

=

1a

2b

3̂c

4d

k+

...5̂+

(k+1)+

...n+

+
n�

l=k+1

1a

2b
3̂c

l+
...

n+
4d

k+

...5̂+

(k+1)+

...(l−1)+

+

3̂c

2b

1a

n+

...

(k+1)+

4d

k+ ...
7+

5̂+

6+

+ −

(3.34)
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Formulae against off-shell recursion

Lazopoulos, AO, Shi (2021)

●

●
●

●
●

● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ●

▲

▲

▲

▲
▲

▲
▲

▲
▲

▲
▲

▲
▲

▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲

◆

◆

◆

◆
◆

◆
◆

◆
◆

◆
◆

◆
◆ ◆

◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆ ◆

■

■

■

■
■

■
■

■
■

■ ■
■

■ ■
■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

Solved qgq All-Plus

(α ≈ 1.0)

Solved qgq One-Minus

(α ≈ 2.1)

Solved QQqgq All-Plus

(α ≈ 1.9)

Solved QQqqg All-Plus

(α ≈ 2.1)
BG

with
4 qua

rks

BG
with

2 qua
rks

5 10 15 20 25 30
n

10

100

1000

10
4

Eval. time, μs

Num. eval. times against in-house impl. of off-shell BG recursion
Berends, Giele (1987)
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Massive higher spins & BHs
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QCD (hel. ±1, spin 1/2) vs GR (hel. ±2, spin s)

QCD GR

A(1a, 2b, 3+) = −ig 〈1a2b〉
m x M(s,+)

3 = −κ
2
〈12〉�2s

m2s−2 x
2

A(1a, 3−, 4+, 2b) = ig2〈3|1|4](〈1a3〉[2b4]+[1a4]〈2b3〉)
(s13−m2)s34

M(1{a}, 3−, 4+, 2{b})

3-pt helicity factor x = −
√

2
m (p1 · ε+) =

[√
2
m (p1 · ε−)

]−1

M(1{a}, 3−, 4+, 2{b}) =
(κ

2

)2 i〈3|1|4]4

(s13−m2)(s14−m2)s34

( 〈13〉[24] + [14]〈23〉
〈3|1|4]

)�2s

Together with cl. limit applicable to scattering of black holes!
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Summary

I SU(2) covariance ⇔ arbitrary spin projections

I Elegant form for two-quark amplitudes with
I all gluons of same helicity (e.g. all plus)
I one gluon of different helicity (e.g. one minus)

AO (2018)

I New analytic results for four-quark amplitudes
Lazopoulos, AO, Shi (2021)

I Applicable to any massive particles with spin, black holes
Guevara, AO, Vines (2018,2019)

Aoude, AO (2021)
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Thank you!
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Backup slides
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Solution to BCJ relations

Bern, Carrasco, Johansson (2008)

Johansson, AO (2015)

BCJ relations:

A(1, 2, α, 3, β) =
∑

σ∈S(α)�β

A(1, 2, 3, σ)

|α|∏

i=1

F(q, σ, 1|i)
s2,α1,...,αi −m2

2

Kleiss-Kuijf basis of (n− 2)! primitives
{
A(1, 2, σ)

}

⇒ BCJ basis of (n− 3)! primitives
{
A(1, 2, 3, σ)

}
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Solution to BCJ relations for QCD
Johansson, AO (2015)

General BCJ relations:

A(1, 2, α, q, β) =
∑

σ∈S(α)�β

A(1, 2, q, σ)

|α|∏

i=1

F(q, σ, 1|i)
s2,α1,...,αi −m2

2

,

where α is purely gluonic

Melia basis of (n− 2)!/k! primitives

{
A(1, 2, σ)

∣∣ σ ∈ Dyckk−1 × {gluon insertions}n−2k

}

⇒ new BCJ basis of (n− 3)!(2k − 2)/k! primitives

{
A(1, 2, q, σ)

∣∣ {q, σ} ∈ Dyckk−1 × {gluon insertions in σ}n−2k

}
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Helicity basis

Arkani-Hamed, Huang, Huang (2017)

Take pµ = (E,P cosϕ sin θ, P sinϕ sin θ, P cos θ)

|pa〉 = λ a
pα =

( √
E−P cos θ2 −

√
E+P e−iϕsin θ

2√
E−P eiϕsin θ

2

√
E+P cos θ2

)

[pa| = λ̃ a
pα̇ =

(
−
√
E+P eiϕsin θ

2 −
√
E−P cos θ2√

E+P cos θ2 −
√
E−P e−iϕsin θ

2

)

Then

sµ(uap) =
1

2m
ūpa γ

µγ5uap = (−1)a−1sµp

sµp =
1

m
(P,E cosϕ sin θ,E sinϕ sin θ,E cos θ)
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Comparison with earlier results
Older reference-momentum-dep. spinors:

ūa=1
p =

(
−〈p1| ≡ m〈q|

〈qp[〉
[p1| ≡ [p[|

)
= ū−p (q) va=1

p =

(
−|p1〉 ≡ − m|q〉

〈p[q〉
|p1] ≡ |p[]

)
= v−p (q)

ūa=2
p =

(
−〈p2| ≡ −〈p[|

[p2| ≡ −m[q|
[qp[]

)
= −ū+

p (q) va=2
p =

(
−|p2〉 ≡ −|p[〉
|p2] ≡ m|q]

[p[q]

)
= −v+p (q)

Kleiss, Stirling (1986), Dittmaier (1998), Schwinn, Weinzierl (2005)

⇒ Analytically retrieve older non-SU(2)-covariant formulae
Schwinn, Weinzierl (2007)

A(11, 3−, 4+, . . . , n+, 2
1
) = 0

A(11, 3−, 4+, . . . , n+, 2
2
) =

−i�2�3�
�1�3��34� . . . �n−1|n�

n�

k=4

�3|�p1 �p3...k|3�2
s3...k�3|�p1 �p3...k|k�

×
�
δk=n + δk �=n

m2�k|k+1��3|�p3...k

�n−1
j=k+1

�
(s13...j − m2)−�pj �p13...j

�
|n]

(s13...k−m2) . . . (s13...(n−1)−m2)�3|�p1 �p3...k|k+1�

�

A(12, 3−, 4+, . . . , n+, 2
1
) =

i�1�3�
�2�3��34� . . . �n−1|n�

n�

k=4

�3|�p1 �p3...k|3�2
s3...k�3|�p1 �p3...k|k�

×
�
δk=n + δk �=n

m2�k|k+1��3|�p3...k

�n−1
j=k+1

�
(s13...j − m2)−�pj �p13...j

�
|n]

(s13...k−m2) . . . (s13...(n−1)−m2)�3|�p1 �p3...k|k+1�

�

A(12, 3−, 4+, . . . , n+, 2
2
) =

i�1�2��
m�34� . . . �n−1|n�

n�

k=4

�3|�p1 �p3...k|3�2
s3...k�3|�p1 �p3...k|k�

�
1 +

s3...k�32��
�3|�p3...k �p�1|2��

�

×
�
δk=n + δk �=n

m2�k|k+1��3|�p3...k

�n−1
j=k+1

�
(s13...j − m2)−�pj �p13...j

�
|n]

(s13...k−m2) . . . (s13...(n−1)−m2)�3|�p1 �p3...k|k+1�

�
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