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Outline
1. Why should we care about detecGng a stochasGc GW 

background? 
2. What sorts of sources / signals do we expect to detect? 
3. What detecGon methods can we use? 
4. What are the current observaGonal constraints / limits 

on stochasGc GW backgrounds?
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Highlight subsequent talks on related topics! 
(“teasers” of what others will describe in more detail)
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What is a stochas/c background?

• Any superposiGon of signals that are either too weak or too numerous to 
individually detect
- allows individual signals to be determinis/c and the combined signal to be a foreground

- definiGon is detector dependent 

• “OperaGonal definiGon”: a signal is stochasGc if it is best searched for 
using a signal model described by sta/s/cal proper/es (as opposed to 
determinisGc waveforms) 
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1. Why should we care?
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A stochas/c background of EM radia/on
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Figure 1: Temperature anisotropies of the CMB as measured by Planck.

radiation that we detect today. We shall therefore make extensive use of the ideas of
relativistic kinetic theory, and these will be introduced as needed. A kinetic theory
treatment is essential for an accurate calculation of the CMB anisotropies on small
scales, where photon di↵usion becomes significant.

The second main focus here is to develop further the idea that the CMB can constrain
the physics of the early universe (e.g., inflation) that we believe generated the primor-
dial perturbations. We shall see how gravitational waves produced during inflation
a↵ect the CMB, and introduce a new observable – the linear polarization of the CMB
– which turns out to be a very promising route to detect such gravitational waves. At
the end of the course, Paul Shellard will return to discuss a further key discriminant
of inflationary models, the non-Gaussian statistics of the primordial perturbations. He
will also discuss how the CMB and other cosmological probes can be used to constrain
primordial non-Gaussianity. Paul Shellard’s lectures are not covered in these notes.

A roadmap for this part of the course, and these notes, is as follows:

• Statistics of random fields on the sphere – Sec. 1

• Relativistic kinetic theory and the Boltzmann equation – Sec. 2

• Temperature anisotropies from scalar perturbations – Sec. 3

ΔT = T − 2.73 K − Tdipole

[credit: Planck 2013]
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radiation that we detect today. We shall therefore make extensive use of the ideas of
relativistic kinetic theory, and these will be introduced as needed. A kinetic theory
treatment is essential for an accurate calculation of the CMB anisotropies on small
scales, where photon di↵usion becomes significant.

The second main focus here is to develop further the idea that the CMB can constrain
the physics of the early universe (e.g., inflation) that we believe generated the primor-
dial perturbations. We shall see how gravitational waves produced during inflation
a↵ect the CMB, and introduce a new observable – the linear polarization of the CMB
– which turns out to be a very promising route to detect such gravitational waves. At
the end of the course, Paul Shellard will return to discuss a further key discriminant
of inflationary models, the non-Gaussian statistics of the primordial perturbations. He
will also discuss how the CMB and other cosmological probes can be used to constrain
primordial non-Gaussianity. Paul Shellard’s lectures are not covered in these notes.

A roadmap for this part of the course, and these notes, is as follows:

• Statistics of random fields on the sphere – Sec. 1

• Relativistic kinetic theory and the Boltzmann equation – Sec. 2

• Temperature anisotropies from scalar perturbations – Sec. 3

~400,00 years after Big Bang

ΔT = T − 2.73 K − Tdipole

[credit: Planck 2013]



A stochas/c background of GWs

6

weakness of gravity rela/ve to other forces   
see back much earlier into the history of the Universe

⟹

????~  after Big Bang10−32 s



CMB detec)on - 1965 (Penzias and Wilson)
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COBE satellite - 1992

23 23 

FIRAS Horn & Ext. Calibrator 

COBE Spectrum of the Universe !

- first 7 minutes of data!

- Jan 1990 AAS meeting!
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Planck - 2013
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Long road ahead…

•approx 50 yr between the iniGal detecGon of the CMB and 
the high-resoluGons sky maps

•we have not yet detected the isotropic component of the 
GWB!!
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2. What sources / signals?
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~100 BBH mergers
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GW150914



a couple of BNS mergers
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GW170817 / GRB170817A



Expect many more weaker signals
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FIG. 2. We present a simulated time series of duration 104

seconds illustrating the character of the BBH and BNS signals
in the time domain. In red we show a simulated BNS back-
ground corresponding to the median rate as shown in Figure 1,
and in green we display the median BBH background. We do
not show any detector noise, and do not remove some loud
and close events that would be detected individually. The re-
gion in the black box, from 1800 – 2600 seconds, is shown in
greater detail in the inset. The BNS time series is continuous
as it consists of a superposition of overlapping signals. On the
other hand the BBH background (in green) is popcorn-like,
and the signals do not overlap. Remarkably, even though the
backgrounds have very di↵erent structure in the time domain,
the energy in both backgrounds are comparable below 100 Hz,
as seen in Figure 1.
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BBH background poten/ally 
detectable in O4 or O5 using 
searches that model intermiAent 
nature of the signal!!
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Predicted sky map for binary BH and/or NS mergers
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Figure 3. A HEALPix [40] map of the GW energy overdensity �(s)gw constructed from the all-sky mock light cone catalogue [41–44],
as described in Sec. IV. This was generated with the HEALPix Nside parameter set to 256, corresponding to an angular resolution
of 13.7 arcminutes, and an average of 7.3 galaxies per pixel.

We note that due to the magnitude-limited sample used
to construct the light cone catalogue, it only extends out
to a redshift of z ⇡ 0.78. While this is su�cient to study
anisotropies on the angular scales we are interested in,
it means that the total energy density ⌦̄gw given by the
catalogue will be significantly less than the true value,
due to the missing contribution from redshifts z > 0.78.
However, since we describe the anisotropies in terms of

the GW overdensity �
(s)

gw, this will have minimal e↵ect
on the C` spectrum. The main advantage of the mock
catalogue lies in its accurate nonlinear modeling of the
galaxy clustering statistics, which remains valid on the
scales of interest even when the redshift limit is introduced.

In performing our analysis of the mock catalogue, we
adhere to the (now outdated) WMAP values of the cosmo-
logical parameters that were used in the Millennium sim-
ulation: Ho = 73 km s�1Mpc�1, ⌦m = 0.25, ⌦⇤ = 0.75.
For comparison with the analytical prediction Eq. (69),
we use values of � and d1 that match those of the simula-
tion, which are themselves consistent with the 2-degree
Field Galaxy Redshift Survey [43, 47]: � = 1.67 ± 0.03,
d1 = 5.05 ± 0.26h�1 Mpc. This ensures consistency
between our results and the underlying simulation. We
confirm that replacing these with the more up-to-date

values mentioned previously (Ho = 67.9 km s�1Mpc�1,
⌦m = 0.3065, ⌦⇤ = 0.6935, d1 = 4.29h�1 Mpc, � = 1.63)
has little impact on the results.

A. Reconstructing the SGWB from pointlike
sources

In order to use the information extracted from the
catalogue, we must first explicitly rewrite our equations
for ⌦gw in terms of the available data for each galaxy. We
do this by expressing the galaxy number density n as a
weighted sum of Dirac delta functions, reflecting the fact
that we treat each galaxy as a point source.

Let us consider a catalogue of N galaxies, indexed by a
label k. We write their redshift, sky location, delayed star
formation rate, and log-normalized metallicity as zk, êk,
 ̄d,k(z), and Zk, respectively. We also allow each galaxy
to have a peculiar velocity vk along the line of sight. This
means that galaxy k has a source-frame frequency given
by

⌫s,k = ⌫o(1 + zk)(1 + vk � êk · vo). (70)

By integrating the number density per comoving volume

[Jenkins et al., PRD98, 063501 (2018)]

x 10-4

Giulia’s talk
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Fig. 1 Gravitational-wave spectrum, together with potential sources and relevant detectors. Image credit
Institute of Gravitational Research/University of Glasgow

limiting2 noise sources below 10 Hz, and photon shot noise above a couple of kHz).
Outside this band there are several other experiments—both currently operating and
planned—that should also be able to detect gravitational waves. An illustration of the
gravitational-wave spectrum, together with potential sources and relevant detectors,
is shown in Fig. 1. We highlight a few of these experiments below.

1.2.1 Cosmic microwave background experiments

At the extreme low-frequency end of the spectrum, corresponding to gravitational-
wave periods of order the age of the Universe, the Planck satellite (ESA 2016c)
and other cosmic microwave background (CMB) experiments, e.g., BICEP and Keck
(BICEP/Keck 2016) are looking for evidence of relic gravitational waves from the
Big Bang in the B-mode component of CMB polarization maps (Kamionkowski et al.
1997; Hu and White 1997; Ade et al. 2015a). In 2014, BICEP2 announced the detec-
tion of relic gravitational waves (Ade et al. 2014), but it was later shown that the
observed B-mode signal was due to contamination by intervening dust in the galaxy
(Flauger et al. 2014; Mortonson and Seljak 2014). So at present, these experiments
have been able to only constrain (i.e., set upper limits on) the amount of gravitational

2 Actually, even if the gravity-gradient and seismic noise were zero, one couldn’t go below ∼1 Hz with the
current generation of ground-based laser interferometers, since the suspended mirrors (i.e., the test masses)
are no longer freely floating when you go below their resonant frequencies: ∼1 Hz.
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LISA acts like a single detector for stochasGc GWB searches 
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Temporal differences between the signals and noise
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Spectral differences between the signals and noise
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Overlap reduc/on func/ons
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Quan/fies the reduc/on in sensi/vity due to physical separa/on and misalignment of a pair of detectors

CIJ( f ) = γIJ( f ) Pgw( f )
cross-correlated GWB power auto-correlated power in GWB

The light-brown curve intersects the blue power-law inte-
grated curve, indicating that the somewhat optimistic
model will induce a signal-to-noise ratio !> 1. The dark
brown curve falls below the blue power-law integrated
curve, indicating that the somewhat pessimistic model
will induce a signal-to-noise ratio !< 1. Note that neither
curve intersects the green time-integrated sensitivity curve.

In the following subsections, we plot power-law inte-
grated sensitivity curves for several upcoming or proposed
experiments: networks of Advanced LIGO detectors
(Fig. 9), BBO (Fig. 10, top panel), LISA (Fig. 10, middle
panel), and a network of pulsars from a pulsar timing array
(Fig. 10, bottom panel).

1. Advanced LIGO networks

For the Advanced LIGO networks, we use the design
detector noise power spectral density PnðfÞ taken from
[13], assumed to be the same for every detector in the
network. We consider three networks: H1L1 (just the US
aLIGO detectors), H1H2 (a hypothetical colocated pair of
aLIGO detectors), and H1L1V1K1 (the US aLIGO detec-
tors plus detector pairs created with Virgo V1 and KAGRA
K1).5 In reality, Virgo and KAGRA are expected to have
different noise curves than aLIGO, but we assume the
same aLIGO noise for each detector in order to show
how the sensitivity curve changes by adding additional
identical detectors to the network. Given this assumption,
the effective strain power spectral density can be written as

SeffðfÞ ¼ PnðfÞ=ReffðfÞ; (31)

where

ReffðfÞ ¼
!XM

I¼1

XM

J>I

!2
IJðfÞ

"
1=2

(32)

is the sky- and polarization-averaged response of the net-
work to a gravitational-wave background. A plot of the
various overlap reduction functions "IJðfÞ andReffðfÞ for
the H1L1V1K1 network is given in Fig. 8. The resulting
power-law integrated sensitivity curves are shown in Fig. 9.

2. Big bang observer

For the BBO sensitivity curve, the noise power spectral
density for the two Michelson interferometers is taken
to be
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FIG. 9 (color online). Different networks of advanced detec-
tors assuming T ¼ 1 yr of observation. We also include 95% CL
limits from initial LIGO for comparison [2].
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FIG. 8 (color online). Left panel: Individual normalized overlap reduction functions for the six different detector pairs comprising
the H1L1K1V1 network. Right panel: Sky- and polarization-averaged response of the H1L1V1K1 network to a gravitational-wave
background.

5We have taken the location and orientation of the KAGRA
detector to be that of the TAMA 300-m interferometer in Tokyo,
Japan. We have not included the planned LIGO India detector
[16] in this network, as the precise LIGO-India site has not yet
been decided upon.

ERIC THRANE AND JOSEPH D. ROMANO PHYSICAL REVIEW D 88, 124032 (2013)

124032-8

0 50 100 150
inter-pulsar angular separation [deg]

0.0

0.2

0.4

co
rr

el
at

io
n

Hellings and Downs correla/on 
(for pulsar /ming arrays)

ORFs for ground-based 
interferometer pairs



4. What are the current observaDonal constraints?

26



Current and projected 95% upper limits
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Figure 7. A survey of constraints (all at 95% confidence) on the GWB across the frequency spectrum.
Solid curves indicate existing results from LIGO/Virgo’s first three observing runs [56], monitoring of the
Earth’s normal modes [221], Doppler tracking of the Cassini satellite [222], pulsar timing observations by
the PPTA [223], and CMB temperature and polarisation spectra measured by Planck [223,224]. Dashed
curves are forecast constraints for LIGO at A+ sensitivity, Einstein Telescope [14], AION-km [225],
LISA [29], binary resonance searches [226,227], and pulsar timing with the Square Kilometre Array [228].
The dotted curve indicates the level of the integrated constraint from measurements of Neff [38]; note that
this is a constraint on the total GW energy density over a broad frequency range and cannot be directly
compared to the other constraints. Note also that both the Planck and Neff constraints apply only to
primordial GWs emitted before the epoch of BBN. See Figure 1 for various GWB signal predictions in
relation to these constraints.

science run [229], followed by several other science runs of the LIGO detectors [16,230–232],
and the Advanced detector era since 2016 [162,233], and, finally, the inclusion of Virgo [56].
Beyond these, several other searches have been carried out by targeting specific GWBs; notably,
searches which allow for anisotropy in the signal have regularly been carried out [212,234–
237], as well as searches for cosmic string networks [130,238,239]. Other targeted searches
include searches for non-GR polarisation modes [56,162,240]. Furthermore, several stochastic
search efforts have been carried out by small teams outside the LVK collaboration; let us cite
here a set of directional searches complementary to the LVK ones [154,155,241], a search for
correlations between the anisotropic GWB and galaxy catalogues [242], searches for ultralight
vector bosons [163,164], a search for a primordial inflationary background [243], and a search
for parity-violating stochastic signals [167].

We focus on current search results in this section, detailing the detector characterisation
issues that the Advanced detectors have faced up to now. We discuss future challenges for
ground-based detectors in Section 6.1, where we explore SGWB detection strategies with third
generation interferometers.

5.1.1. Search Results for an Isotropic Background by LVK
Applying the cross-correlation recipe described in Section 4 to the real LIGO-Virgo datasets

requires firstly identifying the valid cross-correlation times at which different detectors are
simultaneously online and fully operational and, subsequently, Fourier transforming the
measured timestreams to the frequency domain. In practice, it is convenient to divide these
into smaller time segments and fast-Fourier transform (FFT) each segment, which is treated

[Renzini et al., Galaxies, 10(1):34, (2022)]

Ωgw( f ) ≡
1
ρc

dρgw
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the Hubble parameter; when writing !GW we implicitly mean
!GW ; H0/ 72 km s!1 Mpc!1

! "# $2.
For wavelengths larger than the horizon size at the surface

of last scattering (redshifted to today, this corresponds to fre-
quencies below "10!16 Hz), the COBE observations of the
CMB constrain the stochastic gravitational wave background
to!GW( f ) < 7 ; 10!11(3 ; 10!18 Hz/f )2 (see Allen &Koranda
1994; Allen 1997). In the framework of standard inflationary
models (Turner 1997), this constraint can be extrapolated to fre-
quencies above "10!16 Hz: !GW( f ) P 10!14, with some de-
pendence on the inflationary model parameters.

The fluctuations in the arrival times of millisecond pulsar
signals can be used to place a 95% detection rate upper bound
at"10!8 Hz (Jenet et al. 2006):!GW( f ) < 3:9 ; 10!8 (assum-
ing frequency-independent GW spectrum). Similarly, Doppler
tracking of the Cassini spacecraft can be used to arrive at yet
another bound (Armstrong et al. 2003): !GW( f ) < 0:027 at
1:2 ; 10!6 Hz.

If the energy density carried by the gravitational waves at the
time of big bang nucleosynthesis (BBN)were large, the amounts
of the light nuclei produced in the process could be altered.
Hence, the BBNmodel and observations can be used to constrain
the total energy carried by gravitational waves at the time of
nucleosynthesis (Kolb & Turner 1990; Maggiore 2000; Allen
1997):

Z
!GW( f ) d( ln f ) < 1:1 ; 10!5(N! ! 3); ð9Þ

where N! (the effective number of neutrino species at the time of
BBN) captures the uncertainty in the radiation content during
BBN. Measurements of the light-element abundances, combined
with theWilkinson Microwave Anistropy Probe (WMAP) data,
give the following 95% upper bound:N! ! 3 < 1:4 (Cyburt et al.
2005). This limit translates into

R
!GW( f ) d( ln f ) < 1:5 ; 10!5.

This bound applies down to "10!10 Hz, corresponding to the
horizon size at the time of BBN.

Gravitational waves are also expected to leave a possible im-
print on the CMB and matter spectra, similar to that of massless

neutrinos. Smith et al. (2006b) used recent measurements of the
CMB anisotropy spectrum, galaxy power spectrum, and Ly" for-
est to constrain the energy density carried by gravitational waves
to
R
!GW( f ) d( ln f ) < 1:3 ; 10!5 for homogeneous initial con-

ditions at 95% confidence level. This bound is competitive with
the BBN bound and it extends down to"10!15 Hz, correspond-
ing to the horizon size at the time of CMB decoupling. It is also
expected to improve as new experiments come online (such as
Planck or CMBPol ).

The LIGO results apply to the frequency region around 100Hz.
The result discussed in this paper is an improvement by a factor
of 13 over the previous LIGO result in the 100 Hz region, for
a frequency-independent spectrum of GW background. A 1 yr
run at design sensitivity of LIGO (the S5 run, which began in
November of 2005) is expected to improve the sensitivity by
another factor of 10Y100, while Advanced LIGO is expected to
achieve sensitivities better by yet another factor of 100Y1000,
eventually reaching 10!9Y10!8 for !0. The uncertainty in the
final reach of LIGO and Advanced LIGO comes from the poten-
tial instrumental correlations that could be present between the
collocated Hanford interferometers and from the uncertainty in
the final optical configurations of interferometers in Advanced
LIGO. The result discussed in this paper is still weaker than the
indirect BBN bound (if one assumes that the gravitational-wave
spectrum is limited to the LIGO frequency band), but future
runs by LIGO and Advanced LIGO are expected to surpass this
bound.

The standard inflationary models are most stringently con-
strained by the CMB bound at lowest frequencies. Although they
are most likely out of range of LIGO and Advanced LIGO, they
may be accessible to future GW interferometers (Smith et al.
2006a). However, there are models of stochastic GW background
that LIGO is beginning to explore. We illustrate this with exam-
ples of cosmic string and preYbig bang models.

4.2. Implications for Cosmic String Models

Cosmic strings can be formed as linear defects during symmetry-
breaking phase transitions in the early universe, aswell as in string
theory inspired inflation scenarios. In the latter case they have
been dubbed cosmic superstrings. CMB data is not consistent

Fig. 13.—Injections using H1-L1 data; 10 trials were performed for software
injections (denoted by dots) with amplitudes!0 ¼ 1 ; 10!4, 2 ; 10!4, 6 ; 10!4,
and 2 ; 10!3. The left gray error bars denote the theoretical errors, while the right
black error bars denote the standard errors over the 10 trials. The remaining points
(denoted by crosses) correspond to the three hardware injections listed in Table 3;
their error bars correspond to statistical and systematic errors added in quadrature,
as shown in Table 3.

Fig. 14.—Landscape plot (see text for details). The curves corresponding to
inflationary, cosmic-string, and preYbig bang models are examples; significant
variations of the predicted spectra are possible as the model parameters are var-
ied. The bounds labeled ‘‘BBN’’ and ‘‘CMB&Matter Spectra’’ do not apply to
!GW( f ), but rather to the integral

R
!GW( f ) d( ln f ) over the frequency range

spanned by the corresponding lines.

STOCHASTIC BACKGROUND OF GRAVITATIONAL WAVES 927No. 2, 2007
[LIGO S4 -  APJ 659:918, 2007]

(1 month of data, 2005)

(2 weeks of data, 2002)
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ABSTRACT
We present results from the search for a stochastic gravitational-wave background (GWB) as predicted by the theory of General
Relativity using six radio millisecond pulsars from the Data Release 2 (DR2) of the European Pulsar Timing Array (EPTA)
covering a timespan up to 24 yr. A GWB manifests itself as a long-term low-frequency stochastic signal common to all pulsars, a
common red signal (CRS), with the characteristic Hellings-Downs (HD) spatial correlation. Our analysis is performed with two
independent pipelines, ENTERPRISE, and TEMPONEST+FORTYTWO, which produce consistent results. A search for a CRS
with simultaneous estimation of its spatial correlations yields spectral properties compatible with theoretical GWB predictions,
but does not result in the required measurement of the HD correlation, as required for GWB detection. Further Bayesian model
comparison between different types of CRSs, including a GWB, finds the most favoured model to be the common uncorrelated
red noise described by a power law with A = 5.13+4.20

−2.73 × 10−15 and γ = 3.78+0.69
−0.59 (95 per cent credible regions). Fixing the

spectral index to γ = 13/3 as expected from the GWB by circular, inspiralling supermassive black hole binaries results in an
amplitude of A = 2.95+0.89

−0.72 × 10−15. We implement three different models, BAYESEPHEM, LINIMOSS, and EPHEMGP, to
address possible Solar system ephemeris (SSE) systematics and conclude that our results may only marginally depend on these
effects. This work builds on the methods and models from the studies on the EPTA DR1. We show that under the same analysis
framework the results remain consistent after the data set extension.

Key words: gravitational waves – methods: data analysis – pulsars: general.

1 IN T RO D U C T I O N

Radio pulsars, and especially radio millisecond pulsars (MSPs),
have been used as astronomical tools to study aspects of funda-
mental physics with remarkable success, thanks to their exceptional
rotational stability. An area of research where MSPs have been
particularly useful is gravity (e.g. Taylor 1993; Kramer et al. 2006;
Will 2014), especially by employing the ‘pulsar timing’ technique
(e.g. Lorimer & Kramer 2005), which relies on high-precision
measurements of the pulses’ times-of-arrival (TOAs) being compared
to a ‘timing model’. The difference between the measured and the

" E-mail: siyuan.chen@cnrs-orleans.fr (SC); caballero.astro@gmail.com
(RNC)

model-predicted TOAs is referred to as the ‘timing residuals’. Any
unmodelled effects will appear in the timing residuals, and the timing
model is revised and/or extended accordingly. The timing models
have astounding predictive power as it only requires the precise
modelling of the pulsar’s rotation, orbital motion, and the signal’s
propagation in space, and not the details of the radiation’s physics or
emission mechanism. Pulsar timing observations provided the first
evidence for the existence of gravitational waves (GWs; Taylor &
Weisberg 1982), by confirming that the measured orbital changes
of the binary pulsar PSR B1913+16 match those predicted by the
theory of General Relativity (GR) due to the system’s energy loss
through the emission of GWs.

MSPs have been proposed as a tool for the direct detection of GWs
at nHz frequencies (Sazhin 1978; Detweiler 1979). The experiment
is based on systematically observing an ensemble of MSPs at many
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Radio pulsars, and especially radio millisecond pulsars (MSPs),
have been used as astronomical tools to study aspects of funda-
mental physics with remarkable success, thanks to their exceptional
rotational stability. An area of research where MSPs have been
particularly useful is gravity (e.g. Taylor 1993; Kramer et al. 2006;
Will 2014), especially by employing the ‘pulsar timing’ technique
(e.g. Lorimer & Kramer 2005), which relies on high-precision
measurements of the pulses’ times-of-arrival (TOAs) being compared
to a ‘timing model’. The difference between the measured and the
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model-predicted TOAs is referred to as the ‘timing residuals’. Any
unmodelled effects will appear in the timing residuals, and the timing
model is revised and/or extended accordingly. The timing models
have astounding predictive power as it only requires the precise
modelling of the pulsar’s rotation, orbital motion, and the signal’s
propagation in space, and not the details of the radiation’s physics or
emission mechanism. Pulsar timing observations provided the first
evidence for the existence of gravitational waves (GWs; Taylor &
Weisberg 1982), by confirming that the measured orbital changes
of the binary pulsar PSR B1913+16 match those predicted by the
theory of General Relativity (GR) due to the system’s energy loss
through the emission of GWs.

MSPs have been proposed as a tool for the direct detection of GWs
at nHz frequencies (Sazhin 1978; Detweiler 1979). The experiment
is based on systematically observing an ensemble of MSPs at many

C© 2021 The Author(s)
Published by Oxford University Press on behalf of Royal Astronomical Society

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/508/4/4970/6410749 by guest on 07 Septem
ber 2022

MNRAS 000, 1–17 (2021) Preprint 12 January 2022 Compiled using MNRAS LATEX style file v3.0

The International Pulsar Timing Array second data
release: Search for an isotropic Gravitational Wave
Background

J. Antoniadis,1,2,3 Z. Arzoumanian,4 S. Babak,5,6 M. Bailes,7,8 A.-S. Bak Nielsen,2,9 P. T. Baker,10 C. G. Bassa,11
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ABSTRACT

We searched for an isotropic stochastic gravitational wave background in the
second data release of the International Pulsar Timing Array, a global collabora-
tion synthesizing decadal-length pulsar-timing campaigns in North America, Europe,
and Australia. In our reference search for a power law strain spectrum of the form
hc = A(f/1 yr�1)↵, we found strong evidence for a spectrally-similar low-frequency
stochastic process of amplitude A = 3.8+6.3

�2.5⇥10�15 and spectral index ↵ = �0.5±0.5,
where the uncertainties represent 95% credible regions, using information from the
auto- and cross-correlation terms between the pulsars in the array. For a spectral in-
dex of ↵ = �2/3, as expected from a population of inspiralling supermassive black hole
binaries, the recovered amplitude is A = 2.8+1.2

�0.8 ⇥ 10�15. Nonetheless, no significant
evidence of the Hellings-Downs correlations that would indicate a gravitational-wave
origin was found. We also analyzed the constituent data from the individual pulsar
timing arrays in a consistent way, and clearly demonstrate that the combined inter-
national data set is more sensitive. Furthermore, we demonstrate that this combined
data set produces comparable constraints to recent single-array data sets which have
more data than the constituent parts of the combination. Future international data
releases will deliver increased sensitivity to gravitational wave radiation, and signifi-
cantly increase the detection probability.

Key words: gravitational waves — pulsars:general — supermassive back holes —
methods: data analysis — methods: statistical techniques
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Abstract

A nanohertz-frequency stochastic gravitational-wave background can potentially be detected through the precise
timing of an array of millisecond pulsars. This background produces low-frequency noise in the pulse arrival times
that would have a characteristic spectrum common to all pulsars and a well-defined spatial correlation. Recently the
North American Nanohertz Observatory for Gravitational Waves collaboration (NANOGrav) found evidence for
the common-spectrum component in their 12.5 yr data set. Here we report on a search for the background using the
second data release of the Parkes Pulsar Timing Array. If we are forced to choose between the two NANOGrav
models—one with a common-spectrum process and one without—we find strong support for the common-
spectrum process. However, in this paper, we consider the possibility that the analysis suffers from model
misspecification. In particular, we present simulated data sets that contain noise with distinctive spectra but show
strong evidence for a common-spectrum process under the standard assumptions. The Parkes data show no
significant evidence for, or against, the spatially correlated Hellings–Downs signature of the gravitational-wave
background. Assuming we did observe the process underlying the spatially uncorrelated component of the
background, we infer its amplitude to be = ´-

+ -A 2.2 100.3
0.4 15 in units of gravitational-wave strain at a frequency

of 1 yr−1. Extensions and combinations of existing and new data sets will improve the prospects of identifying
spatial correlations that are necessary to claim a detection of the gravitational-wave background.

Unified Astronomy Thesaurus concepts: Gravitational waves (678); Gravitational wave astronomy (675);
Millisecond pulsars (1062); Pulsar timing method (1305); Bayesian statistics (1900)

1. Introduction

While detections of gravitational waves (e.g., Abbott et al.
2016) have been made with ground-based interferometers that
are sensitive to hertz–kilohertz gravitational waves, experi-
ments that operate at lower frequencies have yet to identify a
signal. Pulsar timing array (PTA) experiments, which monitor
and measure arrival times from millisecond pulsars (MSPs),
have been established to search for signals in the nanohertz
band. This is the domain of the stochastic background from
supermassive black hole binaries, which is expected to be the
first gravitational-wave signal detected with PTAs (Rosado
et al. 2015). The background manifests as a temporally and
spatially correlated process in the MSP arrival times. The strain

spectrum of such a background is predicted to have the power-
law form = - -h f A f 1 yr 1 2 3( ) ( ) , where f is the gravitational-
wave frequency and A is the strain amplitude at f= 1 yr−1

(Phinney 2001). The amplitude, A, will depend on the
demographics of the supermassive black hole population.
Astrophysical effects relating to supermassive binary black
hole evolution may cause deviations from a power law (e.g.,
Ravi et al. 2014; Sampson et al. 2015; Taylor et al. 2017b).
A definitive detection of the gravitational-wave background

is the presence of specific spatial correlations in the arrival
times (Hellings & Downs 1983). Other processes can produce
signals with similar temporal properties, with either no
(Shannon & Cordes 2010) or different spatial correlation.
Tiburzi et al. (2016) and Taylor et al. (2017a) showed the
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Abstract

A nanohertz-frequency stochastic gravitational-wave background can potentially be detected through the precise
timing of an array of millisecond pulsars. This background produces low-frequency noise in the pulse arrival times
that would have a characteristic spectrum common to all pulsars and a well-defined spatial correlation. Recently the
North American Nanohertz Observatory for Gravitational Waves collaboration (NANOGrav) found evidence for
the common-spectrum component in their 12.5 yr data set. Here we report on a search for the background using the
second data release of the Parkes Pulsar Timing Array. If we are forced to choose between the two NANOGrav
models—one with a common-spectrum process and one without—we find strong support for the common-
spectrum process. However, in this paper, we consider the possibility that the analysis suffers from model
misspecification. In particular, we present simulated data sets that contain noise with distinctive spectra but show
strong evidence for a common-spectrum process under the standard assumptions. The Parkes data show no
significant evidence for, or against, the spatially correlated Hellings–Downs signature of the gravitational-wave
background. Assuming we did observe the process underlying the spatially uncorrelated component of the
background, we infer its amplitude to be = ´-

+ -A 2.2 100.3
0.4 15 in units of gravitational-wave strain at a frequency

of 1 yr−1. Extensions and combinations of existing and new data sets will improve the prospects of identifying
spatial correlations that are necessary to claim a detection of the gravitational-wave background.

Unified Astronomy Thesaurus concepts: Gravitational waves (678); Gravitational wave astronomy (675);
Millisecond pulsars (1062); Pulsar timing method (1305); Bayesian statistics (1900)

1. Introduction

While detections of gravitational waves (e.g., Abbott et al.
2016) have been made with ground-based interferometers that
are sensitive to hertz–kilohertz gravitational waves, experi-
ments that operate at lower frequencies have yet to identify a
signal. Pulsar timing array (PTA) experiments, which monitor
and measure arrival times from millisecond pulsars (MSPs),
have been established to search for signals in the nanohertz
band. This is the domain of the stochastic background from
supermassive black hole binaries, which is expected to be the
first gravitational-wave signal detected with PTAs (Rosado
et al. 2015). The background manifests as a temporally and
spatially correlated process in the MSP arrival times. The strain

spectrum of such a background is predicted to have the power-
law form = - -h f A f 1 yr 1 2 3( ) ( ) , where f is the gravitational-
wave frequency and A is the strain amplitude at f= 1 yr−1

(Phinney 2001). The amplitude, A, will depend on the
demographics of the supermassive black hole population.
Astrophysical effects relating to supermassive binary black
hole evolution may cause deviations from a power law (e.g.,
Ravi et al. 2014; Sampson et al. 2015; Taylor et al. 2017b).
A definitive detection of the gravitational-wave background

is the presence of specific spatial correlations in the arrival
times (Hellings & Downs 1983). Other processes can produce
signals with similar temporal properties, with either no
(Shannon & Cordes 2010) or different spatial correlation.
Tiburzi et al. (2016) and Taylor et al. (2017a) showed the
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ABSTRACT

We search for an isotropic stochastic gravitational-wave background (GWB) in the 12.5-year pulsar-
timing data set collected by the North American Nanohertz Observatory for Gravitational Waves. Our
analysis finds strong evidence of a stochastic process, modeled as a power-law, with common amplitude
and spectral slope across pulsars. Under our fiducial model, the Bayesian posterior of the amplitude
for an f�2/3 power-law spectrum, expressed as the characteristic GW strain, has median 1.92 ⇥ 10�15

and 5%–95% quantiles of 1.37–2.67⇥10�15 at a reference frequency of fyr = 1 yr�1; the Bayes factor in
favor of the common-spectrum process versus independent red-noise processes in each pulsar exceeds
10, 000. However, we find no statistically significant evidence that this process has quadrupolar spatial
correlations, which we would consider necessary to claim a GWB detection consistent with general
relativity. We find that the process has neither monopolar nor dipolar correlations, which may arise
from, for example, reference clock or solar system ephemeris systematics, respectively. The amplitude
posterior has significant support above previously reported upper limits; we explain this in terms of
the Bayesian priors assumed for intrinsic pulsar red noise. We examine potential implications for the
supermassive black hole binary population under the hypothesis that the signal is indeed astrophysical
in nature.

Keywords: Gravitational waves – Methods: data analysis – Pulsars: general

1. INTRODUCTION

Pulsar-timing arrays (PTAs; Sazhin 1978; Detweiler
1979; Foster & Backer 1990) seek to detect very-low-
frequency (⇠ 1–100 nHz) gravitational waves (GWs) by
monitoring the spatially correlated fluctuations induced
by the waves on the times of arrival of radio pulses from
millisecond pulsars (MSPs). The dominant source of
gravitational radiation in this band is expected to be the
stochastic background generated by a cosmic population
of supermassive black hole binaries (SMBHBs; Sesana
et al. 2004; Burke-Spolaor et al. 2019). Other more
speculative stochastic GW sources in the nanohertz fre-
quency range include cosmic strings (Siemens et al. 2007;
Blanco-Pillado et al. 2018), phase transitions (Caprini
et al. 2010; Kobakhidze et al. 2017), and a primordial
GW background (GWB) produced by quantum fluctua-

⇤
NANOGrav Physics Frontiers Center Postdoctoral Fellow

tions of the gravitational field in the early universe, am-
plified by inflation (Grishchuk 1975; Lasky et al. 2016).

The North American Nanohertz Observatory for
Gravitational Waves (NANOGrav; Ransom et al. 2019)
has been acquiring pulsar-timing data since 2004.
NANOGrav is one of three major PTAs along with the
European Pulsar Timing Array (EPTA; Desvignes et al.
2016), and the Parkes Pulsar Timing Array (PPTA;
Kerr et al. 2020). Additionally, there are growing PTA
e↵orts in India (Joshi et al. 2018) and China (Lee
2016), as well as some telescope-centered timing pro-
grams (Bailes et al. 2018; Ng 2018). In concert, these
collaborations support the International Pulsar Timing
Array (IPTA; Perera et al. 2019). Over the last decade,
PTAs have produced increasingly sensitive data sets, as
seen in the steady march of declining upper limits on
the stochastic GWB (van Haasteren et al. 2011; Demor-
est et al. 2013; Shannon et al. 2013; Lentati et al. 2015;
Shannon et al. 2015; Verbiest et al. 2016; Arzoumanian

Arzoumanian et al 2020 ApJL 905 
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Figure 7. A survey of constraints (all at 95% confidence) on the GWB across the frequency spectrum.
Solid curves indicate existing results from LIGO/Virgo’s first three observing runs [56], monitoring of the
Earth’s normal modes [221], Doppler tracking of the Cassini satellite [222], pulsar timing observations by
the PPTA [223], and CMB temperature and polarisation spectra measured by Planck [223,224]. Dashed
curves are forecast constraints for LIGO at A+ sensitivity, Einstein Telescope [14], AION-km [225],
LISA [29], binary resonance searches [226,227], and pulsar timing with the Square Kilometre Array [228].
The dotted curve indicates the level of the integrated constraint from measurements of Neff [38]; note that
this is a constraint on the total GW energy density over a broad frequency range and cannot be directly
compared to the other constraints. Note also that both the Planck and Neff constraints apply only to
primordial GWs emitted before the epoch of BBN. See Figure 1 for various GWB signal predictions in
relation to these constraints.

science run [229], followed by several other science runs of the LIGO detectors [16,230–232],
and the Advanced detector era since 2016 [162,233], and, finally, the inclusion of Virgo [56].
Beyond these, several other searches have been carried out by targeting specific GWBs; notably,
searches which allow for anisotropy in the signal have regularly been carried out [212,234–
237], as well as searches for cosmic string networks [130,238,239]. Other targeted searches
include searches for non-GR polarisation modes [56,162,240]. Furthermore, several stochastic
search efforts have been carried out by small teams outside the LVK collaboration; let us cite
here a set of directional searches complementary to the LVK ones [154,155,241], a search for
correlations between the anisotropic GWB and galaxy catalogues [242], searches for ultralight
vector bosons [163,164], a search for a primordial inflationary background [243], and a search
for parity-violating stochastic signals [167].

We focus on current search results in this section, detailing the detector characterisation
issues that the Advanced detectors have faced up to now. We discuss future challenges for
ground-based detectors in Section 6.1, where we explore SGWB detection strategies with third
generation interferometers.

5.1.1. Search Results for an Isotropic Background by LVK
Applying the cross-correlation recipe described in Section 4 to the real LIGO-Virgo datasets

requires firstly identifying the valid cross-correlation times at which different detectors are
simultaneously online and fully operational and, subsequently, Fourier transforming the
measured timestreams to the frequency domain. In practice, it is convenient to divide these
into smaller time segments and fast-Fourier transform (FFT) each segment, which is treated
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Figure 1. An overview of potential GWB signals across the frequency spectrum. The light blue
curve shows the prediction for single-field slow-roll inflation with a canonical kinetic term, with tensor-
to-scalar ratio r0.002 = 0.1 [52]. The pink curve shows a GWB from Nambu–Goto cosmic strings, using
“model 2” of the loop network, with a dimensionless string tension of Gµ = 10�11 [53]. The brown curve
shows a GWB from inspiralling supermassive BBHs, with the amplitude and shaded region shown here
corresponding to the common noise process in the NANOGrav 12.5-year data set [54]. The two grey
curves show GWBs generated by first-order phase transitions at the electroweak scale (⇠200 GeV) and
the QCD scale (⇠200 MeV), respectively [55]. The yellow curve shows a GWB generated by stellar-mass
compact binaries, based on the mass distributions and local merger rates inferred by LVK detections [56].
The dashed curves show various observational constraints, as described further in Section 5 (this in-
cludes the PPTA constraint, which intersects the possible NANOGrav SMBBH signal); the dotted curve
shows the integrated constraint from measurements of Neff, which cannot be directly compared with the
frequency-dependent constraint curves but is shown here for indicative purposes.

which is imprinted in the measured strain. Note that this measurement includes non-negligible
selection effects, as qualitatively different backgrounds contribute from different redshift shells
and from different directions.

In this section, we review both astrophysical and cosmological GWBs, providing the
necessary background for the targeted searches discussed in Section 5. We also comment on
the observational properties of the signal which are essential to understand when building an
optimal search method. The various sources are also summarised in Figure 1, which includes
the sensitivity of several GW detection efforts for reference.

3.1. Astrophysical Backgrounds
Astrophysical GWBs are the collection of all GWs generated by astrophysical processes

which are individually unresolved by your GW detector. These can be either individual
subthreshold signals, or they can be so numerous that they add up incoherently and form a
continuous signal in the timestream.

Perhaps the most studied signal in the literature is a background sourced by a collection of
inspiralling and merging compact binary systems. These include black hole binaries, neutron
star binaries, white dwarf binaries, and systems counting a mixed pair of these objects. Black
hole binaries in particular are a vast category of sources, as the mass of each black hole in

Planck
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modes
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Figure 1. An overview of potential GWB signals across the frequency spectrum. The light blue
curve shows the prediction for single-field slow-roll inflation with a canonical kinetic term, with tensor-
to-scalar ratio r0.002 = 0.1 [52]. The pink curve shows a GWB from Nambu–Goto cosmic strings, using
“model 2” of the loop network, with a dimensionless string tension of Gµ = 10�11 [53]. The brown curve
shows a GWB from inspiralling supermassive BBHs, with the amplitude and shaded region shown here
corresponding to the common noise process in the NANOGrav 12.5-year data set [54]. The two grey
curves show GWBs generated by first-order phase transitions at the electroweak scale (⇠200 GeV) and
the QCD scale (⇠200 MeV), respectively [55]. The yellow curve shows a GWB generated by stellar-mass
compact binaries, based on the mass distributions and local merger rates inferred by LVK detections [56].
The dashed curves show various observational constraints, as described further in Section 5 (this in-
cludes the PPTA constraint, which intersects the possible NANOGrav SMBBH signal); the dotted curve
shows the integrated constraint from measurements of Neff, which cannot be directly compared with the
frequency-dependent constraint curves but is shown here for indicative purposes.

which is imprinted in the measured strain. Note that this measurement includes non-negligible
selection effects, as qualitatively different backgrounds contribute from different redshift shells
and from different directions.

In this section, we review both astrophysical and cosmological GWBs, providing the
necessary background for the targeted searches discussed in Section 5. We also comment on
the observational properties of the signal which are essential to understand when building an
optimal search method. The various sources are also summarised in Figure 1, which includes
the sensitivity of several GW detection efforts for reference.

3.1. Astrophysical Backgrounds
Astrophysical GWBs are the collection of all GWs generated by astrophysical processes

which are individually unresolved by your GW detector. These can be either individual
subthreshold signals, or they can be so numerous that they add up incoherently and form a
continuous signal in the timestream.

Perhaps the most studied signal in the literature is a background sourced by a collection of
inspiralling and merging compact binary systems. These include black hole binaries, neutron
star binaries, white dwarf binaries, and systems counting a mixed pair of these objects. Black
hole binaries in particular are a vast category of sources, as the mass of each black hole in
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Figure 7. A survey of constraints (all at 95% confidence) on the GWB across the frequency spectrum.
Solid curves indicate existing results from LIGO/Virgo’s first three observing runs [56], monitoring of the
Earth’s normal modes [221], Doppler tracking of the Cassini satellite [222], pulsar timing observations by
the PPTA [223], and CMB temperature and polarisation spectra measured by Planck [223,224]. Dashed
curves are forecast constraints for LIGO at A+ sensitivity, Einstein Telescope [14], AION-km [225],
LISA [29], binary resonance searches [226,227], and pulsar timing with the Square Kilometre Array [228].
The dotted curve indicates the level of the integrated constraint from measurements of Neff [38]; note that
this is a constraint on the total GW energy density over a broad frequency range and cannot be directly
compared to the other constraints. Note also that both the Planck and Neff constraints apply only to
primordial GWs emitted before the epoch of BBN. See Figure 1 for various GWB signal predictions in
relation to these constraints.

science run [229], followed by several other science runs of the LIGO detectors [16,230–232],
and the Advanced detector era since 2016 [162,233], and, finally, the inclusion of Virgo [56].
Beyond these, several other searches have been carried out by targeting specific GWBs; notably,
searches which allow for anisotropy in the signal have regularly been carried out [212,234–
237], as well as searches for cosmic string networks [130,238,239]. Other targeted searches
include searches for non-GR polarisation modes [56,162,240]. Furthermore, several stochastic
search efforts have been carried out by small teams outside the LVK collaboration; let us cite
here a set of directional searches complementary to the LVK ones [154,155,241], a search for
correlations between the anisotropic GWB and galaxy catalogues [242], searches for ultralight
vector bosons [163,164], a search for a primordial inflationary background [243], and a search
for parity-violating stochastic signals [167].

We focus on current search results in this section, detailing the detector characterisation
issues that the Advanced detectors have faced up to now. We discuss future challenges for
ground-based detectors in Section 6.1, where we explore SGWB detection strategies with third
generation interferometers.

5.1.1. Search Results for an Isotropic Background by LVK
Applying the cross-correlation recipe described in Section 4 to the real LIGO-Virgo datasets

requires firstly identifying the valid cross-correlation times at which different detectors are
simultaneously online and fully operational and, subsequently, Fourier transforming the
measured timestreams to the frequency domain. In practice, it is convenient to divide these
into smaller time segments and fast-Fourier transform (FFT) each segment, which is treated


