Introduction to Particle Accelerators
TUTORIAL 2 QUESTIONS AND SOLUTIONS

1 LHC: particle momentum, geometry of a storage ring and thin lens calculation
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2 A thin quadrupole lens
[image: ]
[image: ]
[image: ]
[image: ]
[image: ]
[image: ]

3 A FoDo cell
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We can use the beam rigidity (or the particle momentum) to calculate the normalized
quadrupole strength:
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The focal length of this magnet is still quite bigger than the magnetic length I,. So it is
valid to treat that quadrupole in thin lens approximation.
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How does the matrix for such a (foc.) magnet look like?

How would you establish a description of this magnet in thin lens approximation?
Compare the matrix elements.

Nota bene: in our notation a foc. magnet has a negative k-value.
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The matrix of a focusing quadrupole is given by
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In thin lens approximation we replace the matrix above by the expression
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But we should not forget the overall length of the beast: The thin lens description has to
be completed by the matrix of a drift space of half the quadrupole length in front and
after the thin lens quadrupole. The appropriate description is therefore
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But we should not forget that the overall lenght of the quadrupole is

Multiplying we get:
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Multiplying out we get

I

(1 drEEL E*Qak*, *’7"))

M, =
thinlens k % lq 1+ k * lq

With the parameters in the example we get finally
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which is still quite close to the result of the exact calculation above.
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4.) A Thin Quadrupole Lens ?
Consider a quadrupole lens of 10 m length with a gradient of g=80 T/m. If a particle
beam with the momentum p=20 TeV /c is passing the quadrupole ...

Would you call the lens a “thin lens”

Evaluate the matrix of the quadrupole in the exact form.

Compare with a product of thin lens matrices occupying the same length.

Attention: How would you describe a 10m long quadrupole in thin lens approximation ?
How can you decide whether a lens is “thin” or not ?
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Normalised quadrupole strength
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Quadrupole matrix in exact form:
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Quadrupole matrix in thin lens approximation:
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We have to replace the quadrupole by 3 matrices: a thin quadrupole lens in the middle
and a drift of Sm on each side:
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The result of the thin lens approximation is in good agreement with the exact calculation.
Note: it is not the magnet length that makes the quadrupole “thin”.

The criterion for a thin lens is

P f,=8333m
ok 1,=10m
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Which is in this case fulfilled.
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In general the arc structure of high energy machines is based on FoDo cells.
Consider such a cell with the following parameters:

The length of each cell is L= 48m

The quadrupole lenses are symmetric, i.e. k;,. = - k;,;,,=0.0301 s

and the length of the quadrupoles is |, = 2m.

How would you describe such a cell in thin lens approximation?

Establish the thin lens matrix for each element and calculate the product matrix.

Is such a structure stable ?

Calculate the phase advance of the cell.

Hint: In general — as you already know — the value of a is zero in the middle of a
quadrupole. Here 3 will reach its maximum (or minimum) value.

If 1 myself would do the calculation — I would start the structure in the middle of a

focusing quadrupole; i.e. with the matrix of a half quad.
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The cell described in the example corresponds to the arc structure of the HERA collider.
So start with lets have a look on the result of an optics code for this single FoDo cell:

© p/e+ . HERA Proton Ring. Speciol Edition for CAS

920 Gev.

15

40 45

strength B hor a hor | B vert a vert
QOFH -0.0301 m-2 | 80.9003m | 0 144439 m 0
ODH 0.0301 m-2_ | 144439 m_ | 0 80.9003 m 0
ODH 0.0301 m-2 | 144439m |0 80.9003 m 0
QFH -0.0301 m-2 | 80.9003m | 0 144439 m 0
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As indicated in the text it is useful to start in the middle of a quadrupole magnet.

Establish the matrix for the first half cell in thin lens approximation:

— * *
MhalfCell_MQD/Z Mm MQF/2

0 I 0

1
1 Y A

M

half Cell =

where we have used /, = L/2 and f =2f to describe the drift space between the
quadrupoles and the focusing length of the half quadrupole.
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For the second half cell set f = - f and multiply out to get the complete matrix:
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Is such a structure stable ?
Calculate the phase advance of this cell.

For the parameters given, we obtain:
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and the motion is clearly stable.

=16.61m




image23.png
The phase advance of the cell is equally obtained via the trace. The matrix in twiss form
for a periodic lattice structure is given by
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From the trace we get
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The LHC storage ring at CERN will collide proton beams with a maximum
momentum of p=17TeV /c per beam.

The main parameters of this machine are:

Circumference C,=26658.9m

particle momentum | p =7 TeV/c

main dipoles B=8392T ly,=14.2m
main quadrupoles G =235T/m [,=55m

Calculate the magnetic rigidity of the design beam and the bending radius of the main
dipole magnets in the arc...
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The beam rigidity is obtained in the usual way by the golden rule:
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and knowing the magnetic dipole field we get
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... and determine the number of dipoles that is needed in the machine.
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The bending angle for one LHC dipole magnet:

_1&2m 108 mrad

!
T p 2780m

(04

and as we want to have a closed storage ring we require an overall bending angle of 2:

2 6.28rad

N = =
o  5.108mrad

=1230 M agnets
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Calculate the k-strength of the quadrupole magnets and compare its focal length to the
length of the magnet. Can this magnet be treated as a thin lens ?
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