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Motivation

Why Conformal Field Theory?

» Describe critical points in statistical mechanics.
Quantum critical points in condensed matter systems.
Universality - the same CFT describes multiple physical systems.

Start/end points of Renormalization Group flows.

vV v.v Yy

Quantum gravity in AdS.



Motivation

Why supersymmetric CFTs?

» Useful calculable toy models.

» Teach us about dualities in field theory - Seiberg duality, S-duality, ...
» Relevance to string theory.

> Relevance to mathematics.

> Realized in Nature! Example: the 2d tri-critical Ising model (¢ = 7/10).
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The basic objects are local primary operators O;, [K,,, O;] = 0.

2- and 3-point functions of primary operators are fixed by conformal symmetry

5y
(Oi(11)Oj(22)) = ﬁv Ty = | — x|,
L1
Cin
(Oi(21)Oj(22) O (23)) = L Ay=A0; = Aj.

SRR B R B Ay
All higher-point functions can be obtained from these by using the OPE [wilson]
Oi(z1) X Oj(x2) ~ Z CijxD(212,0)O(22) .
k
Unitarity: A; > 0 and Cj, € R.
Goal: Find the set of conformal dimensions and 3-pt functions {A;, Cyi.}.
Disclaimers:

1. In d = 2 | use only the finite part of the Virasoro algebra, i.e. SO(2,2).

2. | discuss only local operators.
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What is the bootstrap?

Use the symmetry of the CFT together with crossing symmetry and unitarity to
constrain (or solve for) {A;, Ci}.

Associativity of the OPE implies that the four point function (here A; = A)

<¢1($1)¢2($2)¢3(173)¢4(174)> = 2A Z Chak O34k GAk gk(u 1))

(w12x34

= 7% Z Ol4k023kGAL sA(U U) s

(z14223)

can be expanded in inequivalent channels.

fl4k
> /1>—<34k - I
[0

fo3k

Here | use the standard conformal invariant cross ratios

2 2 2 2

_ Ti2T34 _ Ti4 T23 -

=55 2z, 1= 5— =(1-2)(1-2).
Ti3 Lo Ti3 Tag
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1 1
A Z Cir2k C3a1, G, s, (0, v) = N Z Crar Casi Gay s (v, 1)
k k

The conformal blocks Ga, s, (u, v) are fixed by conformal symmetry, i.e. by
kinematics. However they are hard to find!

For external scalar operators the problem in general d was solved by
Dolan-Osborn.

Infinite number of constraints for {A;, Cyj,}. How do we solve them?

Success story: 2d CFTs with central charge ¢ < 1, i.e. minimal models.

[Belavin-Polyakov-Zamolodchikov]

Other examples in 2d with extra symmetry - supersymmetry, Wy symmetry, ...

In all these examples the infinite conformal algebra in two dimensions, aka
Virasoro, is essential!

Hard to extend this to d > 2 since the conformal group/algebra SO(d,2) is
finite.
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This talk: supersymmetric CFTs
Previous work:

6d N = (2, 0) [Beem-Rastelli-van Rees]

4d N = 4 [Beem-Rastelli-van Rees] ,
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3d NV = 8 [Chester-LeePufu-Yacoby]

3d N =1 [Bashkirov]
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This talk: supersymmetric CFTs
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Our goal: Implement the bootstrap for CFTs with 444 supercharges in d < 4,
ie. dd N =1,3d N =2, and 2d N = (2,2) CFTs.
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Superconformal algebra
The generators are
D, P, Ki, My, R, 4j=1,...,d
Qo Qa, 87, 8%, aa=12.

The structure of the non-trivial (anti)commutation relations is

[MijaX]NXa [D, Y]N Y,
{Q.et~P, {8, 8t~ K, [P,S]~ @, [K,Q]~ 5.

Most importantly
{57, Q5 =% (iD -
d

& — & . —1 ~ &
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Superconformal algebra

The generators are
D, P, Ky, My, R, ,j=1,...,d
Qf, Q. S, S, aa=1,2.
The structure of the non-trivial (anti)commutation relations is
My, X] ~ X, D,Y|~Y,
{@er~pP, {55 ~K, [PS]~@Q, [KQ~S.
Most importantly
d—1

{5°7,Q5}=16% (iD - R) + (ma) g™ My,
& - a d—1 RN
{S +,QB}:5B(1D+72 R)—i—(mzj) 5M”
The conjugation rules are (in Euclidean signature)
D'=-D, R'=R, Mi=M;, P/=k,
ST =@ ST =)

NB: One can formulate a superconformal algebra with 444 supercharges for
general space dimension d < 4.
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Upshot:

» We found a way to define all “matrices” in the commutation relations
such that the super-Jacobi identities are satisfied while keeping d a free
parameter.

> When d = 1,2, 3,4 one finds the usual superconformal algebras in the
respective dimension.

» Superconformal unitarity bounds as a function of d. They are stronger
than the usual conformal unitarity bounds. For scalars the bound is

d—

2

» For d = 1,2, 3,4 the unitarity bounds reduce to previously known ones
[Dobrev-Petkova], [Minwalla]
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Superconformal algebra

Upshot:

» We found a way to define all “matrices” in the commutation relations
such that the super-Jacobi identities are satisfied while keeping d a free
parameter.

> When d = 1,2, 3,4 one finds the usual superconformal algebras in the
respective dimension.

» Superconformal unitarity bounds as a function of d. They are stronger
than the usual conformal unitarity bounds. For scalars the bound is

d—1 d—1
A>—— —2.
5 lal s > — lq| + d

A =

» For d = 1,2, 3,4 the unitarity bounds reduce to previously known ones
[Dobrev-Petkova], [Minwalla]

If [K;, O] =[S, 0] = 0 — superconformal primary. Operators saturating the
bound obey in addition [@F, 0] = 0 and are called superconformal (anti-)chiral
primary operators. They form short superconformal multiplets and their
dimension is protected, i.e. not renormalized.
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An elegant method for deriving conformal block is via the Casimir operator of
the conformal algebra [Dolan-Osborn]. Apply this to our superconformal algebra
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C = -D* - %(PZKZ + K1P1) + 1JMij]\/fij
d— _ _
A (s o]+ [ @)

Convert the Casimir operator into a differential operator when acting on
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k

with ¢1 3 chiral primary and ¢2 4 any superconformal primary.

The result is a differential equation for the superconformal block G
Dgﬁ}f,AM (u7 U) — )\Cgﬁf’AM(u, 7}) ,

with d—1
)\C:A(A—d+2)+s(s+d—2)—%qQ.



Superconformal blocks

The solution of the differential equation is

G172 (u,) = 2GR A (),

It can be alternatively rewritten as (a1,2,3 = a1,2,3(A, s, Ay, d))
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One can also explicitly derive these superblocks via OPE methods in d = 2, 3, 4.
For d = 2,4 our superblocks reduce to previous results for A; =0

[Poland-Simmons-Duffin], [Fitzpatrick et al.]

Explicit closed form expressions for G in d = 2,4. In other dimensions one has
a series expansion. [Dolan-Osborn]
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Superconformal blocks

The solution of the differential equation is

G122 (u,0) = w” 2GR T (0 w)

It can be alternatively rewritten as (a1,2,3 = a1,2,3(4A, s, Ay, d))

A12,A34 _ ~A12,A34 A12,A34 A12,A34 A12,A34
gA,s = GA,s +a GA+1,.<+1 + a2 GA+1,5—1 + a3 GA+2,5 )

One can also explicitly derive these superblocks via OPE methods in d = 2, 3, 4.

For d = 2,4 our superblocks reduce to previous results for A; =0

[Poland-Simmons-Duffin], [Fitzpatrick et al.]

Explicit closed form expressions for G in d = 2,4. In other dimensions one has
a series expansion. [Dolan-Osborn]

Focus on the 4-pt function (PDPD) where ® is a scalar superconformal chiral

primary with (As, g) and @ is its conjugate with (Ao, —qa).
In the ® x ® channel use the superconformal blocks above with A = 0.

In the ® X ® channel there is only one conformal primary (and its descendants)
from a given superconformal multiplet contributing. Thus G = G. The only
way supersymmetry plays a role is through restricting the operators which can
appear in the & x & OPE.



Bootstrap equations

Agp Agp
ot 2 ]:%’S o }—%’s P
+ =Ngp — 2 =Ng _ 2
§ lcos FAls + E lcas | VN =- E |caa
oA oA
+ @ — @
o HA% o HA P

Agp
FA,S

Ag
_HA,S

O* are superconformal primaries with go+ = 0 and even/odd spin.

P are conformal primaries with ¢p = 2gs = 725 Ae and [QF,P] = 0.




Bootstrap equations

A A
Fie Fie 0
o+t s o X P A
2 gAY _ 12 AN _ 2 @
§ 3 FA,S + E :|C<I><I>| ]:A,s = E lcaal FA,AS
YAVS — YIAYS _ 3
ot HA,S o HA,S » Ays

O* are superconformal primaries with go+ = 0 and even/odd spin.
P are conformal primaries with ¢p = 2¢s = ﬁA(p and [QF,P] = 0.

These constraints can be summarized as

ot A=0,A>s+d—2, $=0,2,4,...,

O : A>s+d—2, s=1,3,5,...,
A=2Ng+s, $s=0,2,...,

P A=d—2As, s=0, Ap< 2,
A>2As —(d=1)|+s+(d—1), s=0,2,....

All these operators obey the superconformal unitarity bounds.

Important to include the operator P = Q*W¥ with dimension Ap = d —2Ag. ¥
is anti-chiral with dimension Ay = d — 1 — 2A¢ — unitarity implies Ag < g.
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operator with lowest dimension above the gap until the crossing equation
cannot be solved. This spectrum is then excluded. [Rattazi-Rychkov-Tonni-Vichi]
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Solving the equations

Basic idea: Fix the dimension of the lightest chiral primary scalar in the theory.
Assume that there is a gap in the spectrum and vary the dimension of the
operator with lowest dimension above the gap until the crossing equation
cannot be solved. This spectrum is then excluded. [Rattazi-Rychkov-Tonni-Vichi]

The equation from crossing is of the type

> el Tap s (w,0) =0
k

Consider the space, M, of N-th order differential operators of the type
A= .00,

If one finds a convex subspace, M., such that A[Ta,  (u,v)] > 0 then the
spectrum {Ay, s} should be excluded since the crossing equation cannot be
solved.

There are efficient numerical algorithms for searching for such convex
subspaces. [Paulos], [Simmons-Duffin]

At the boundary between the allowed and disallowed region there is a unique
solution of crossing. [El-Showk-Paulos]
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The WZ model

The WZ model is a d-dimensional theory of a single chiral superfield, T, with
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The d = 3 critical WZ model is of interest in condensed matter physics [Yu-Yang],
[Grover-Sheng-Vishwanath]. It arises also as a critical point in non-supersymmetric
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We know little about the unprotected spectrum of this theory and its OPE
coefficients in d # 2, 4.
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Consider the coefficients of the 2-pt function of the R-current, Trr, and the
EM tensor, Cr. Superconformal symmetry leads to a Ward identity 7rr ~ Cr.

Localization leads to [Closset-Dumitrescu-Festuccia-Komargodski]

2 O°F(b)
TrRr = —Re —(5—~ )
2 ob? bt
This can be used to find [Nishioka-Yonekura]
Or _ _ TRR_ o 7967845
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Numerical results



N = 2 minimal models

2d N = 2 minimal models have ¢ =
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Bounds for 2 < d <4
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The “central charge” is

Cr e
— ey = 0.7265(3) -
T

To be compared with 0.7267845 from localization.



Summary

» Derivation of superconformal blocks for theories with 4+4 supercharges in
d<A4.

> Universal bounds on the spectrum of unprotected operators in such
theories.

» The critical WZ model sits at a kink on the bounding curve. The most
accurate estimates to date of the unprotected spectrum of this theory.

» Two other kinks that remain mysterious.
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Extensions of our work
» Corroborate the bootstrap results for the WZ model using the €
expansion. [work in progress with E. Lauria]

» Precision numerical spectroscopy of the WZ model. Include other
crossing constraints.

> Do the other kinks correspond to physically interesting SCFTs?

Find the superconformal blocks and bootstrap theories with 8
supercharges in2< d < 6. [work in progress with D. Maza¢ and E. Lauria
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Future goals

> Large c limit and connection to holography.
» Can we find bootstrap constraints on the string landscape?

> Analytic handle on the bootstrap - large spin, large ¢, extended
supersymmetry, approximate higher-spin symmetry, ...
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