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Abstract :

The Chern-Simons modification of spinor QED

involving a constant axial vector background is

carefully analyzed. This field theoretic model

appears to be fully consistent and represents

the minimal modification of the standard QED

that fulfill locality, renormalizability, unitarity

and gauge invariance though leading to Lorentz

and CPT invariance violations. Experimental

limits as well as theoretical constraints arising

from the structure of the radiatively induced

modifications involving the photon and matter

dynamics will be thoroughly focussed.
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0. INTRODUCTION

• Lorentz & CPT- symmetry breaking

at the quantum gravity MPlanck scale

◦ ST RING & BRANE T HEORIES
V.A. Kostelecky & S. Samuel (1989)

◦ NON − COMMUT AT IVE QFT
V.A. Kostelecky & R. Potting (1995)

◦ QUANT UM GRAVIT Y EFFECT S
G. Amelino-Camelia et al. (1998)



• Low-energy very small deviation from

the Lorentz covariant Standard Model

◦ MAXWELL − CHERN − SIMONS
modification of classical electrodynamics

S.M.Carroll, G.B.Field, R.Jackiw (1990)

◦ CPT-odd Lorentz symmetry breaking

from the chiral U(1) Anomaly

A.A. Andrianov & R. Soldati (1995)

◦ CPT & Lorentz spontaneous breaking

D. Colladay & V.A. Kostelecky (1998)

◦ CPT-even Lorentz symmetry breaking

S.R. Coleman & S.L. Glashow (1999)



• Lorentz & CPT Invariance Violations

◦ Power counting renormalizable

◦ SU(3) ⊗ SU(2) ⊗ U(1) gauge invariant

• Preferred Inertial Reference Frames

◦ Cosmic Microwave Background isotropic

◦ translation invariance

◦ tiny violations in lab experiments

◦ Lorentz & CPT-breaking by very small

∗ constant four-vectors ηα & bµ

◦ Experiments versus benchmark value

|ηα| � |bµ| <
m2
e

MPlanck
= 2 × 10−17 eV



ηα & bµ of cosmological origin

Cosmic T ORSION axial-vector

bµ = εµνρσ 〈T νρσ 〉0

Cosmic QUINT ESSENCE vector

ηα = 〈 ∂αΦ 〉0

Quantum gravity ad hoc hypothesis

about photon dispersion relation

G.Amelino-Camelia et al.

ω(k) '
√

(1 − ε) k2 −Ak4MP
−2

unbounded group velocity for large k

lim
k→∞

dω

dk
= ∞

imaginary frequency for small k tachionic

and acausal: not from solid QFT



• CPT-even tiny perturbations

− 1

4
F µνFµν 7→ − 1

4
F µνFµν (1 − ε)

υ light = c
√

1 − ε < c

◦ maximal velocity of a material body

υbody ≤ c

◦ vacuum Čerenkov radiation

υ light < υbody = c

UHECR k ≈ 3 × 1020 eV ( HiRes I-II )∗

ε < 1.6 × 10−23

∗15.10.1991 High Resolution Fly’s Eye Air

Shower Detector in Utah



• Evading the GZK Cutoff ?

UHECR : Emax ' mpmπ/kTγ ' 3×1020 eV

CR arising outside our galaxy ∼ 100 Mpc

K. Greisen (1966)

G. Zatsepin & V. Kuz’min (1966)

◦ CMB γ-proton scattering

p+ γCMB → ∆(1232)

p+ γCMB → p+ π

◦ Dispersion relation of the a -particle

Ea =
√
c2a~p

2 +m2
ac

4
a ⇒ υa ≤ ca

higher GZK cutoff ⇔ c∆ > cp > cπ



• Disagreement in UHECR detectors

◦ 8 events above GZK in AGASA ∗

M. Takeda et al. Phys.Rev.Lett. (1998)

◦ all events below GZK in HiRes Fly’s Eye

D.J. Bird et al. Phys.Rev.Lett. (1995)

The difference remains unknown if only

statistical errors are taken into account

◦ 3 events above GZK in P. AUGER Obs.

H. Wahlberg, private comm. (2007)

PAO DOES NOT CONFIRM AGASA

∗ Akeno Giant Air Shower Array in Japan



1. Maxwell-Chern-Simons photon

• MCS free Lagrange density

LMCS = − 1

4
F νλ Fνλ −B(x) ∂αA

α

− 1

2
ηαAβF̃αβ

F̃αβ(x) ≡ 1

2
εαβρσ F

ρσ(x)

◦ B(x) is the gauge fixing auxiliary field

◦ ηα Chern-Simons constant vector

• Equations of motion in momentum space
(
k2gνσ − i εµρνσηµkρ

)
Ãσ = 0

kσÃσ(k) = 0



• MCS polarizations: 2D projector

eµν ≡ gµν − η · k
D

(ηµkν + ηνkµ) +
η2

D
kµkν

+
k2

D
ηµην D ≡ (η · k)2 − η2k2

e η = e k = 0 e 2 = e tr e = 2

• Linear polarization real vectors

eµν = −
∑

a=1,2

e
(a)
µ e

(a)
ν

• Chiral polarization complex vectors

ε
(L)
µ ≡ 1

2

(
e
(1)
µ + ie

(2)
µ

)

ε
(R)
µ ≡ 1

2

(
e
(1)
µ − ie

(2)
µ

)

eµν = −
∑

a=L,R

{
ε
(a)
µ ε

(a)∗
ν + ε

(a)
ν ε

(a)∗
µ

}



ONLY CHIRAL POLARIZATIONS ARE

THE EIGENSTATES OF THE MCS

KINETIC OPERATOR

(
k2g σ

ν − iε µρσν ηµkρ
)
ε
(L)
σ =

(
k2 −

√
D

)
ε
(L)
ν

(
k2g σ

ν − iε µρσν ηµkρ
)
ε
(R)
σ =

(
k2 +

√
D

)
ε
(R)
ν

LET US SEARCH FOUR REAL

SOLUTIONS OF THE QUARTIC ON

SHELL CONDITION

(k2)2 − D = (k2)2 − (η · k)2 + η2k2 = 0

MCS CHIRAL POLARIZATIONS

REDUCE TO MAXWELL’S CIRCULAR

POLARIZATIONS ON THE

LIGHT-CONE k2 = 0



FREQUENCY SOLUTIONS

LEFT ( + ) RIGHT ( − ) polarizations

• space-like η µ = (0, ~η )

ω 2
L = k 2 +

1

2
η 2 + η

√

k 2 cos2ϕ+
1

4
η 2

ω 2
R = k 2 +

1

2
η 2 − η

√

k 2 cos2ϕ+
1

4
η 2

~η · ~k = η k cosϕ

• light-like η µ = (η, ~η )

(
ωL − 1

2
η

)2

=

(
~k − 1

2
~η

)2

(
ωR +

1

2
η

)2

=

(
~k+

1

2
~η

)2



monochromatic plane wave solutions

are possible only with a definite chiral

polarization

WAVE PACKETS ARE SPLITTED

INTO LEFT ( + ) AND RIGHT ( − )

WAVE PACKETS MOVING WITH

DIFFERENT GROUP VELOCITIES

~υL = ∇~k ωL (~k ) υL ≤ 1 ∀~k

~υR = ∇~k ωR (~k ) υR ≤ 1 ∀~k



* VACUUM BIREFRINGENCE *

Group Velocity Difference between

Left and Right Wave Packets

∆υ ≡ |~υR − ~υL|

• Vanishes at HIGH frequencies

lim
k→∞

∆υ = 0

• Grows at LOW frequencies

lim
k→0

∆υ = 1

TIME DELAY of LEFT HANDED

WAVES WITH RESPECT TO RIGHT

HANDED ONES IS CALLED VACUUM

BIREFRINGENCE



* UPPER BOUND *

EXPERIMENTAL ABSENCE OF

THIS EFFECT IN

RADIO-ASTRONOMY

OBSERVATIONS OF DISTANT

QUASARS AND RADIO GALAXIES

m

| ~η | ≤ 10−33 eV

B. Nodland & J. P. Ralston (1997)

J.F.C.Wardle et al. (1997)



• time-like ηµ = (η,0)

ωL(k, η) =
√
k (k + η)

ωR(k, η) =
√
k (k − η)

WAVE PACKETS OF BOTH

POLARIZATIONS ARE

SUPERLUMINAL

LEFT ( + ) AND RIGHT ( − )

WAVE PACKETS MOVE WITH

TACHION GROUP VELOCITIES

υL,R =
k

ωL,R (k, η)

(
1 ± η

2k

)
> 1

ωR(k, η0) imaginary for k < η

UNPHYSICAL SOLUTIONS



2. CPT-ODD FREE SPINOR FIELD

• CPT-ODD free spinor Lagrange density

Lspinor = ψ̄(x)
(
iγ µ∂µ −m− γ µbµγ

5
)
ψ(x)

◦ bµ constant cosmic axial-vector

◦ Lorentz & CPT-violating term

ψ̄(x)γµbµγ
5ψ(x)

• LIV & CPT-odd spinor equation

(
γ µ pµ −m− γ µ bµ γ

5
)
ψ̃(p) = 0



◦ Diagonalization of the spinor operator

ψ̃(p) ≡ A B φ̃(p)

A ≡ p2 + b2 −m2 + 2(b · p+mbµγ
µ) γ5

B ≡ γνpν +m+ bνγ
νγ5

? quartic scalar free field equation ?

[(
p2 + b2 −m2

)2
+ 4b2m2 − 4(b · p)2

]
φ̃(p) = 0

? on shell condition for CPT odd spinors ?

(
p2 + b2 −m2

)2
+ 4b2m2 − 4(b · p)2 = 0



• time-like solution bµ = (b,0)

( p0
±)2 = ( p± b)2 +m2

• light-like solution bµ = (b,~b )

p0
± = ± b +

√(
~p ∓ ~b

)2
+m2 > 0

p̃0
± = ± b −

√(
~p ∓ ~b

)2
+m2 < 0

Spinor free field quantization in the

space-like case is inconsistent owing to the

lack of separation between positive and

negative frequency solutions



(+) Left -handed particles

p0
+ > 0 u+(p) a

†
+(p)|0〉

(−) Right -handed particles

p0
− > 0 u−(p) a

†
−(p)|0〉

(+) Right -handed antiparticles

p̃0
+ < 0 v+(p) b

†
+(p)|0〉

(−) Left -handed antiparticles

p̃0
− < 0 v−(p) b

†
−(p)|0〉

CPT-breaking removes energy-polarization

degeneracy



(+) 1P STATES

• time-like case bµ = (b,0)

p2+ = b2 +m2 + 2b p > 0

• light-like case bµ = (b,~b )

p2+ = m2 + 2b (p+ − p cosϕ) > 0

~b · ~p = b p cosϕ

ALL (+) 1P states are PHYSICAL

p2+ > 0 ∀ ~p ∈ R3



(−) 1P STATES

• time-like case b µ = (b,0)

p2− > 0 ⇔ 2bp < m2 + b 2

• light-like case b µ = (b,~b )

p2− > 0 ⇔ 2bp| cosϕ| ≤ 2b 2 +m2

• PHYSICAL UV cutoff for fermions

p2− > 0 ⇔ p <
m2

2b
= Λf

V.A. Kostelecký & R. Lehnert (2001)

A.A. Andrianov, P. Giacconi & R. S. (2002)



? GROUP VELOCITIES ?
OF POLARIZED WAVE PACKETS

~υ+ = ∇~p ω+(~p )

~υ− = ∇~p ω−(~p )

{
υ+ ≤ 1
υ− ≤ 1

∀ ~p ∈ R3

CPT-odd free spinor quantization

CONSISTENT AND CAUSAL

∀ b2 ≥ 0

? (−) UNPHYSICAL STATES ?
very high momentum decay process

p− −→ p− + e−+ + e+− | ~p | ≥ Λf



? EXPERIMENTAL LIMITS ?

• spatial components ~b constrained by

◦ POLARIZED ELECTRONS TESTS

B.R. Heckel et al. (2006)

|~b | < 5.0 × 10−21 eV � m2
e/MPlanck

• temporal component b0 constrained by

◦ CPT INVARIANCE TEST

W.-M. Yao et al., J.Phys.G33 (2006)

(m e+ −m e−)/m̄e < 8 × 10−9

◦ Absence of vacuum Čerenkov radiation

ε ' (α b0/me)
2 < 1.6 × 10−23

b0 < 10−2 eV (very soft bound!)



3. RADIATIVELY INDUCED CS ACTION

• CPT-odd QED Lagrange density

L = Lspinor + eqf ψ̄fA/ψf + LMCS

Lspinor = ψ̄f
(
i∂/−mf − b/γ5

)
ψf

( f fermion species of charge eqf )

LMCS = − 1

4
F νλ(x)Fνλ(x) −B(x)∂αA

α(x)

− 1

2
ηαAβ(x)F̃αβ(x)

To be fully consistent with theoretical

and experimental bounds and without

loss of generality we can assume

η 2 ≤ 0 ≤ b 2



• 1Loop induced MCS polarization tensor

Πµν(k) =
(−i)
(2π)4

∫
tr {γµS(p)γνS(p− k)} d4p

• Feynman’s propagator of the spinor field

S(p) = i A BD−1( p, b )

D( p, b ) =
(
p2 + b2 −m2 + iε

)2

− 4
[
(b · p)2 −m2b2

]

A ≡ p2 + b2 −m2 + 2(b · p+mbµγ
µ) γ5

B ≡ γνpν +m+ bνγ
νγ5

• UV divergencies −→ REGULARIZATION

regΠµν(k) = regΠ
µν
even(k) + regΠ

µν
odd(k)



• physical UV cutoff for fermions

regΠµν(k) = lim
Λf→∞

∫
d~p

i(2π)3
ϑ

(
~p 2 − Λf

2
)

×
∫ ∞

−∞
dp0
2π

tr {γµS(p)γνS(p− k)}

• dimensional regularization

regΠµν(k) = lim
ω ↑2

(−i)µ4−2ω(2π)−2ω

×
∫
tr {γµS(p)γνS(p− k)} d2ωp

BOTH regularizations guarantee the

MINIMAL LORENTZ & CPT

SYMMETRY BREAKING SOLELY DUE

to the presence of b 2 ≥ 0



• 1Loop induced parity odd tensor

regΠ
µν
odd(k; b,m) = 2i

(
α

π

)
εµνρσ bρ kσ

∑

f

q2f

BOTH REGULARIZATIONS GIVE THE

SAME RESULT FOR THE INDUCED

PARITY-ODD EFFECTIVE ACTION

INDUCED Chern-Simons lagrangean

∆Lodd = − 1

2
(∆ηα)A

µF̃µν

∆ηα =
2α

π
bα

∑

f

q2f ≡ bα ζ

∑

f

q2f ≡ q2 = 3 · 3
(
1

9
+

4

9

)
+ 3 = 8



• 1Loop induced parity even tensor

regΠ νσ
even = (k2gνσ − kνkσ)Πdiv(k,m)

+
2α

3π

∑

f

q 2
f

(
b2 gνσ −m−2

f S νσf

)

S νσf ≡ gνσ
[
(bf · k)2 − b2f k

2
]

− (bf · k)
(
bνf k

σ + bσf k
ν
)

+ k2 bνf b
σ
f + b2f k

νkσ

+ higher orders in b µ and k µ

Πdiv = −8e2 (4π)−ω µ4−2ω Γ(2 − ω)

×
∫ 1

0
dxx(1 − x)[m2 − x(1 − x)k2 ]ω−2



• Induced photon effective lagrangean

L γ = LMCS + ∆L even + ∆Lodd

L γ = − 1

4
(1 + ε)F νλFνλ +B(x) ∂νA

ν

+ gµν ε
µρ F νλFρλ − 1

2
m2
γ AνA

ν

− 1

2
(η ν + ζ bν)AλF̃

νλ

ε =
2α b2

3πm2
e

εµν =
α b µb ν

3m2
e

m2
γ =

16α

3π
b 2 ζ = 16

α

π

anomalous photon mass in spite of

dimensional regularization



• time-like case b µ = (b,0)

m γ < 6 × 10−17 eV =
3m2

e

MPlanck

b < 3 × 10−15 eV

◦ longitudinal polarization dispersion law

k20 = k2 +m2
γ (covariant)

◦ transverse polarizations dispersion law

k20 = (1 + ε) k 2 +m2
γ ± ζ b k

◦ group velocities (r = ±1)

(dω r/dk) < 1 ⇔ b k ≤ mem γ

absence of time dispersion in TeV γ ray burst

of the active galactic nucleus Markarian 421

b < 10−24 eV



• light-like case b µ = ( b,~b )

photons keep massless with two transverse

polarizations

◦ transverse polarizations dispersion law

k20 − k2 = εµν kµkν − r ζ bµ kµ

r =

{
+1 Left polarization
−1 Right polarization

◦ group velocities (r = ±1)

(dω r/dk) ≤ 1 ∀ k ≥ 0

◦ memento : polarized electron tests

|~be | < 5.0 × 10−21 eV � m2
e/MPlanck

for any other flavour f there is not yet

such a stringent test so that |~bf | could be

much bigger for f 6= e



• induced Chern-Simons vector

η µ + ζ bµ = η µ + 2

(
α

π

) ∑

f

q2f b
µ
f

• theoretical BOUNDS

η 0 + ζ b0 ≤ | ~η+ ζ~b |

consistent quantization requires a

space-like or light-like induced

Chern-Simons vector

• experimental BOUNDS

| ~η+ ζ~b | < 10−33 eV � m2
e M

−1
Planck

absence of the vacuum birefringence

requires fine tuned cancellation



4. CONCLUSIONS

• free field consistent quantization

η µ ηµ ≤ 0 ≤ bµ bµ

experimental bounds from cosmological

universality of constant vectors

| ~η | < 10−33 eV |~b | < 10−22 eV

• radiatively induced effects

η µ ηµ = 0 = bµ bµ

to keep the photons transverse and

massless

• cosmological diversity

|~bf | > m2
e M

−1
Planck � |~b e |

not yet excluded empirically for massive

flavours other than electrons


