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The alignment problem
Est imate 3 shif ts +  3 rotat ion angles 
per detector module

Vector a
k
 of  alignment 

parameters for N modules, N~104

Precision to acheive:

< <  detector resolut ion

< < <  assembly precision

➔Track- based alignment
Principle of t rack- based alignment

Fit  simultaneously parameters of 

of M tracks, and 6xN alignment 

parameters (ident ical for all 

t racks)
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 M= 100,000; 10 points per t rack =  
106 measurements

5M+ 6N~56.104 unknowns

Measurement equat ion for t rack j 

in module k:

Linearize, minimize 
➔Linear system of 56.10 4 eq.

m j ,k=hkpj ,ak

m j ,k=p j
1p j

2 zkzk yk

∑
j ,k

rTR−1r
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Systematic effects
Unconstrained parameters

Global scale factors, rotat ions, 

shearings

• In- situ survey of a few reference 

modules (Laser alignment systems 

etc.)

 Correlated displacements of modules 

due to mechanical structure

Added to sum of squared 

residuals with Lagrange 

mult ipliers
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Module k
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 Correlat ions bw. Alignment 

parameters of dif ferent modules, 

mediated by the tracks that cross 

both

Essentially 2 recent 

developments

• Millepede algorithm [1,2]

• KF- based method [3]
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Millepede algorithm [2]

Takes advantage of special 

structure of system of eq.

First  f it  each track separately

Then modify system of 6N 

equations accounting for t rack f it  

results (Schur complement matrix  

of             )

• NB: here k is track index

A system of 6N equat ions remains 

to be solved

• Advanced iterative methods needed

6N

6N

M blocks of 5x6N

∑
k
Ck

global
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Vertex fitting



 

3D point and N m om entum  
vectors, m ost com patible 
with input tracks (and beam )

Set of N tracks 
(+ beam  constraint)

Vertex fitting

M inim ization problem :
• Com patibility defined by a distance F between the vertex 
param eters x and the vertex “m easurem ents”, i.e. the track 
param eters p i (m ore precisely, a function f of them ).
• “M ost com patible” im plies m inim ization of this distance.

Exam ple:
•  f(p i) =  xi   point of closest approach to vertex

  C i  covariance m atrix of point of closest approach

•  F =  Σi= 1
N (x- xi)T C i

- 1  (x- xi)
sum  of squared reduced residuals

Vertex fitting



 

F =  sum  of squared reduced residuals
Algorithm  chosen: Kalm an vertex fitting

• vertex param eters x ≡ state vector, in Kalm an parlance
•  f ≡ reciprocal of m easurem ent function h, nonlinear in 
presence of Bfield

• problem  is linearized:
• h replaced by 1st order Taylor expansion
• m inim um  of F is solution of a linear system  of equations

• explicit expression, no need for num erical m inim ization

• tracks added sequentially to the vertex (state vector update)

• problem  is factorizable:
• first fit vertex position, then constrain track m om enta at vertex

Least- Squares vertex fitting



 

Residuals of track parameters at vertex
Bs → J/ ψ ϕ → µ+ µ-  K+ K-

Full CMS tracker simulation and reconstruction

 1.1 mrad  0.8 mrad

 0.7 mrad  0.5 mrad

Vertex constraint

Least- Squares vertex fitting results



 

Straight line 
constraint

Initial guess

P.c.a.

First iteration

Expansion of h only valid in vicinity of a given 
point:

• needs initial guess of vertex position
• iterations if fitted vertex too far from  initial 
guess
• ...but convergence is quick (1 or 2 
iterations for leastsquares vertex fits)

• track = helical constraint

Initial guess:
• com puted from  average of points of 
closest approach of track pairs

• fast num erical algorithm  to com pute 
p.c.a.’s of two helices

• m ade robust by a HalfSam ple 
M ode finder

Linearization:
• Perigee param etrization fast and precise

Illus tration o f v ertex  
fit conv ergence  w hen 
tracks  are  
approxim ated by  
s traight lines

Linearization



 

Least squares estim ators are efficient and unbiased if:
• track param eter reduced residuals are N(0,1)

• Gaussian, unbiased, covariance m atrix perfectly known
• all tracks originate from  fitted vertex

In real experim ents and in detailed 
sim ulations:
• detector resolutions not Gaussian 
• distribution of dead m aterial 
im perfectly known 
• nonGaussian m ultiple scattering
• track finding problem s
• vertices not w ell separated...
...difficult to get it all right!

→ Robust estim ators: insensitive to 
m ism easured or m isassociated 
tracks

Orca_7_6_0 d0 pull
 Tails

≠ 1

(d 0 rec -  d 0  sim )/ σ(d 0)

d0 pull distribution
H (mH =  300 GeV/ c2) → ZZ → e+ e- µ+ µ-

CMS full simulation and reconstruction -  ORCA_7_6_0

Robustification



 

Discard (trim m ing) or downweight (adaptive) distant tracks

Im plem ented as reweighted leastsquares fits:
F =  Σi= 1

N w i r i              r i =  (x- xi )T C i
- 1  (x- xi )

W eight w i ≡ probability of association of track i to vertex
Usually, tim econsum ing but fast approached algorithm s exist (tried in 
CM S, ATLAS, H1, D0)

Trim m ing: w i =  0 or 1
• Hard assignm ent
• Fixed trim m ing fraction: k out of N tracks are discarded

• Fast LeastTrim m edSquares
•  P.Rou sseeu w  et al., “Com pu tin g LTS regression  for large data 
sets”, Tech n ical report, Un iversity  of  A n tw erp, 1999.

• Fixed com patibility: tracks with probability of com patibility to the 
vertex below som e cut discarded

Robust estimators



 

Adaptive: w i =  { 1  +  exp [ (r i
2 -  r 2

cutoff ) /  2 T ] }- 1

M.Ohlsson  et al., Com pu t. Phys. Com m un . 71 (1992) 77
R.Frühw irth  and A .Strandlie, Com pu t. Phys.
Com m un. 120 (1999) 197

• Soft assignm ent: association probabilities 
are fractional

• algorithm  converges to optim al w eight
for each track

• Annealing:
• avoids local m im im a
• T starts high
• decreases at each iteration

• according to wellchosen schedule

w i

r i
2

r 2
cutoff

“T”slop e

Illus tration: 
minimiz ation of s um 
of 6  Gauss ians  w ith 
annealing

6  Gaus s ians T= 16
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Robust estimators (2)



 

Primary vertex z- residuals and pulls
H (mH =  300 GeV/ c2) → ZZ → e+ e- µ+ µ-  
Only primary tracks used -  ORCA_7_6_0

LS

Adaptive

zres 
(20 ± 1) µm

(15 ± 1) µm

zpull 
1.4 ± 0.1

1.1 ± 0.1

High multiplicity vertex (20 tracks, p% 
with covariance underestimated by 
factor 3) 
x-  and y- residuals -  VertexGun

p%

[cm ]

[cm ]

Robustness against mis- measured tracks 
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Conclusions
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Detector design studies needed in order to meet physics requirements

Cost- driven opt imizat ion, compromises...

Detailed detector simulat ions needed

Track f it t ing; vertex f it t ing; alignment

Well- defined stat ist ical problems

Lot of recent developments and creat ivity in:

Handling of combinatorics

Handling of ambiguit ies, robustness

Applicat ion of known mathematical algorithms to high- energy physics

Sometimes in extreme cases like alignment of 10,000 modules

Conclusions


