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1. Sudakov resummation: a short review™

Physical cross sections are always inclusive over arbitrarily soft

particles in the final state, because of finite detector resolution.

Inclusiveness plays a crucial role in QCD: infrared divergences
from virtual corrections are cancelled by radiation of undetected

real gluons.

The finite left-over of these cancellations give large contributions
if the tagged final state is forced to take most of the available

energy.

*S. Catani, hep-ph/9610413



Schematically: (1 — z),/s total energy carried by unobserved

radiation. Virtual and real emission corrections:

d virtua e d 1
Dvirtual = —2Cagd6(1 — 2) / Y log
0

dz 1 —y 1 —y
dwreal 1 1
= 42C ] O(1 — e —
dz i Y1 1 (1=e=2)

because of the bremsstrahlung spectrum dw/w and the spectrum

for collinear emission, dk2 /k7.

The sum of the two contributions is finite as the infrared cut-off ¢

goes to O:

dw (Z) dwvirtual dwreal 1 1
dz dz + dz s 1 —z Ogl—z+

where, by definition,

/0 0z [D(2)]4 f(2) = / 4z D(2) [f(z) — f(1)]



e Virtual contribution concentrated at 2z =1

e Real emission contribution spread over the interval r < z < 1,
where x is the fraction of total energy carried by the observed
final state.

Hence, the contribution of soft emission to the cross section is
proportional to

1
dw
/x dz o= —C ag log?(1 — z),

a finite left-over of the cancellation of infrared divergences.

As r — 1 in the final state, the phase space for real emission is

suppressed, and the finite left-over becomes large.



At order n, at most two powers of log(1 — x) for each power of ag
appear in the perturbative coeflicients:
2n

Cpal =al Z Cnm log"" (1 — x) + non singular terms

m=1

The perturbative expansion becomes unreliable; logarithmically

enhanced contributions must be resummed to all orders.

Logarithmic contributions are expected to be relevant when

r — 1.



Side remark: resummation may have an impact even at smaller

values of x, depending on the shape of parton densities.

See e.g.
[M. Bonvini, S. Forte, GR, NPB874 (2011) 93]

[T. Becher, M. Neubert and G. Xu, JHEP 0807 (2008) 030]



Examples:

1. lepton-nucleon scattering in the quasi-elastic limit:

2

X — TBj = : x — 1

2p - q

2. production of heavy systems (Drell-Yan pairs, Higgs) close to
threshold:



Resummation can be performed. An example:
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Left: NLL4+LO compared with the LO spectrum

Right: uncertainty band from scale variations.
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Resummed cross sections: a schematic derivation

Typical expression of an observable in QCD (eg, Drell-Yan cross
section):

L d x
o) = [ Yowae(La@)
= L®C
The function £(y, Q%) is a parton luminosity, e.g.

1 du’
‘C(y?QQ) :/ y—y/ 1<y/7Q2) f2 (57@2)

Y

in hadron-hadron collisions.

The coefficient function C' is essentially a partonic cross section.



Resummation usually (but not always) perfomed in the space of
Mellin transformed quantities:

1 N+100

J(N) = /Old:cxN-lf(x); f(@) = — / AN N f(N)

27TZ ]\_f—’iOO

a Laplace transform with respect to t =log <,z = e ?).
&2

e well defined and analytic in the half-plane Re N > Ny if f(z) is
at most as singular as V0 in z =0

e In the space of the Mellin-conjugate variable N, convolution
products are turned into ordinary products:

o(N,Q%) = L(N, Q") C(N,as(Q%)

e The region z — 1 is mapped in the region N — oo:

1 k
do N1 = log" ™ — + O(log® N
/0 o [ 1 — 2 ] pr1 0 tOlos" )




Why Mellin moments?

dw, (21, .., 2n)
dz1...dz,

Ops(z;21,...,%n)

0o .1
C(z,as):5(1—2)+2/ dzy ...dzy,
n=1"0

The multi-gluon emission probability factorizes in the soft limit,

dwy (21, ... 2n) 1 v dw(z;)
dz1...dz, n! " dz;

(easily seen in QED in the eikonal approximation) but the phase
space factor

@PS(Z;Z17°"7ZTL) — 5(’2_ leQ"'Zn)

does not ...



. unless one goes to Mellin moments:

1
C(N,as):/ dz 2N "1 C(z, ay)
0
S e, TTRGD [ v
P OET CRECE | el TR

— 1 : N—1dw(z1) : N1 dw(zy)
:1+Zlm[L dz1 23 i /Odznzn i

Hence

Multigluon emission exponentiates in the soft limit.



Some details: consider the production of a heavy object with
energy (Jo, plus n gluons of energies wq,...,w,. The differential
cross section in the eikonal approximation takes the form

dwy d6y  dw, db,
dC ~ ZE L B s s Qo —wi . — wn)

Wi 61 Wn en

w1 = /s(1 = 21)
wy = /521(1 — 22)

We have




Furthermore
W1 ... Wy = Sz?_lzg_z coizpo1(1—21) . (1 — zp)
and

wi+...tw, = Vs(l—z1+21—2120+...—2122...2y)
= Vs(l—z2129...2,)

Hence, after angular integration,

dzq 1 ] [ dz,, 1

dC' ~ log log 0(z—21...2n)

1—21 1—21 1—Zn 1—Zn



Recalling that

d 1 1
—wZQCOéS log
1 -2z l—2],

and using the leading-log result

1

logP(1 — 1 1

/ dz 2N 1 [og ( Z)] —— log’*™" — 4+ O(log? N)
0 1 -2z n

1—+ d
— —/ - logf(1 — 2z) + O(log” N)
0 1 -2z

we find
C(N, as) = exp [Casg log® N + O(log N)|

Strictly valid in QED; in QCD, complications arise because of
gluon emission from gluon lines and because of color structure,

but the essential features remain the same.



Extension to QCD

QCD corrections essentially amount to the replacement

as — as(k%) in the computation of the single-gluon emission

1 (9 dkz
— | <kT>]
— < JQ2(1-2)

The running coupling can then be expanded in powers of as(Q?)

probability:

1 | 1
o)
1 —z gl—z

2C aug [ ] — 2C
_I_

+

Sk,2: @S<Q2> — = as QOO_S 2 n | nﬁ
as (k7 ) @l mmg s (Q*)fo)" log” 735

and the expansion integrated term by term. One gets
C(N,as) = expllog N g1(aslog N)]

where the function ¢g; has a Taylor expansion in its argument,

starting at order 1.



For a generic process one can prove the generalized result

OV, 05(QY) = golas) expS (L, a)
S(L.a) — égl(L)+92(L)+@93(L)+54Qg4(L)+...
a = aas(Q?) Po; a=1,2; L:alog%

which defines an improved expansion (in powers of as with
aglog N fixed) for C™ (N, as): g1 gives the leading-log (LL)
approximation, g; and ¢, give the next-to-leading-log

approximation (NLL), and so on.



2. Ambiguities in resummed results

A difficulty immediately arises. Define ¥(L, o) by
C™(N, 05(Q?) = 1+ £(L, as(Q%) = 1+ Y hu(as(Q?) L!
k=1

> arises as an expansion in powers of as(Q?) of a function of
as(Q?/N*). To NLL we have

Q*\  as(Q?) Brlog(1+L)| - 1
o () = - a@ B L= aau@mios

which has a branch cut on the real positive N axis for L < —1, or

1
N > N = eaBoas(@?)

because of the Landau singularity:.

The inverse Mellin transform of C™ (N, as(Q?)) does not exist.



One possible way out: take the term-by-term inverse Mellin
transform of X(L, a):

Yz, as(Q) th o dN z~ log N
but the series is divergent! Proof:

i T dN =N logk ! — k! 7{ dg logg_lé
2T J N —ioo N  2m gkl T(€) .

£€1 —\ K
(e @) = o oy 5 ket S (5)
- = +



A second possible way out: taking the inverse Mellin transform of
each log® N term at the relevant (leading, next-to-leading...)
logarithmic level, the perturbative series converges. For example,
to leading log accuracy one has

1 log" (1 —
— szNlogka[Og 1-2)

+ NLL
1—2

211 N —ioo

The series now converges to

1
1 — 2z

St (@) = | 1 (alog(1 - 2),05(Q%)]

_|_

Qi

but only for z < z;, =1 — e~ & again because of the Landau pole at

Z = ZJ,e



Completely analogous considerations hold in the case of the
resummation of large logarithms of ¢2/Q? in the small-¢. region of

the spectrum.

In this case

1
1 L e
Mellin tr. / dz 2V 71 f(z) — Fourier tr. gy /db e tbrdr f(qr)
0 T

In the space of the Fourier-conjugate variable 5, the ¢-

conservation ¢ function factorizes:
n
/dQQT 5(§T - §T1 — - QTn H Xp Zb QTl

The resummed cross section in b space has no inverse Fourier
transform, again because of the Landau pole of the running

coupling.



3. Standard solution

An idea of S. Catani, M. Mangano, P. Nason and L. Trentadue™:

the minimal prescription. A very simple recipe: just take

1 Nnp 4100
oz, Q%) = —/ dN =z~ L(N,Q?*) C(N, as(Q?))
271 Npip —i00
with 0 < Nyp < Nj.

This is not a true inverse Mellin: the integrand is not analytical
in any right half-plane, because of the branch cut due to the

Landau pole.

“INPB 478(1996)273, hep-ph/9604351]



Nonetheless, the MP has a number of good properties:
e it is well defined for all values of =

e it is an asymptotic sum of the original, divergent perturbative

expansion

e the difference between the original series, truncated at the
best-approximation term, and the minimal prescription, is

suppressed more strongly than any power of A?/Q%.



A minimal prescription exists also in the case of Fourier inversion
for g distributions™: it corresponds to a deformation of the

integration contour away from the real axis.

Minimal in the sense that it gives back the right result when

applied to functions of b which do have a Fourier inverse.

[The results shown at the beginning of the talk have been

obtained using the minimal prescription technique.]

* E. Laenen, G. Sterman and W. Vogelsang, PRL 84(2000)4296;
A. Kulesza, G. Sterman and W. Vogelsang, PRD 66(2002)014011



A closer look at the minimal prescription:

1 Nnp 4100

1
o(r,Q?) = AN 7N O (N, 0s(Q)) /O dy g™ Ly, Q?)

27TZ NMP—iOO

= [ Yoo (D)

0

Looks like a convolution, but the integration region 0 <y <7

cannot be excluded: indeed

1 Nnp +100
CrGS(Z7&S<Q2)) — _/ dN Z_N CreS(Ny OéS(QQ))

271 Nyip —i0o

does not vanish for z > 1 because of the Landau cut.



This is reflected in a difficulty in the numerical implementation of
the minimal prescription formula: C(7/y, as) oscillates in the

region y ~ 7, where the luminosity is smooth, and large
cancellations take place.

Partonic Minimal prescription Partonic Minimal prescription

Figure 1: The partonic cross-section C**(z, as(Q?)) computed using

the minimal prescription at /Q? = 8 GeV and /Q? = 100 GeV
(Drell-Yan NLL).

[M. Bonvini, S. Forte, GR, NPB874 (2011) 93]



One might avoid the problem by simply going back to the original
formulation of the MP,

b 1 Nnvp 100 N 5 5
o (3, Q) = —/ AN 2N £(N, Q%) C(N, as(Q?))

27'('2 Npip —i00

but £(N,Q?) is typically not available.

All these problems are addressed by CMNT in the original paper,
and can be overcome by suitable techniques, but it is interesting

to explore different possibilities.



4. A different approach

Is it possible to sum the divergent series

1| 1 [dElog® Lt & g
B(2,a5(Q%)) = Sy [logl 5 (lig(g)z > klh (%

using the Borel technique?

S. Forte, J. Rojo, M. Ubiali, GR, PLB635(2006)313, hep-ph/0601048
R. Abbate, S. Forte, GR, PLB657(2007)55, arXiv:0707.2452



Consider a generic power series, not necessarily convergent in the

Cauchy sense:
fl@)=>_ fra"
k=1

and define its Borel transform
X 00 k=1

Because of the factor (k —1)!, the Borel transformed series f(w)
has much better convergence properties. An inverse

transformation exists, since

+ o0
/ dw e
0

Qle

+oo R
W = (k= 1)laF — fp(a) = / dwe % f(w)
0



Various cases:

1. The original series is convergent in the usual sense. Then
fe(a) = f(a), but the Borel sum may enlarge the convergence

region. Example:

f@=3a"=—  lal<1
k=1 -
oo y a
fB<a>=/ dwe e =% Rea<l
0 1—04

2. The original series is divergent, but the Borel sum exists:

oo

_ _ B - 1
f(@):;(—l)k 1(k—1)!04k f(w>:1+—w
+00
fB(@):/O dwe_%liw<oo Rea > 0



3. The original series is divergent, its Borel transform exists, but
it has a singularity in the range of the inversion integral:

fl@) =3 (k-1ta*  fw)=
k=1
Y A |
fB(Oé)Z‘/o dwe o T

This is the case e.g. of renormalons.



Back to

~

CreS(N, CVS(QQ» =14+ Z(L, Oés(Q2)>

We have

Sen(@) = 5 [ NS au(@) = [

2T ) N — oo log < N
1 [delogtt & <a)k
R(z) = — = Elhi | —
O=3mf% 1o ="Mz
The Borel transform of R(z) with respect to & is found replacing
» wk—1
C(k—1)!

and it is convergent:

oo

- 1 [de¢logtl w1 [delogtlod )
B2 =55 e T 2" g “amif € T© du s (Fos@)




The branch cut of (L, as(Q?)), —co < L < —1, is mapped onto the
range —w < ¢ < 0 on the real axis of the complex ¢ plane. Hence,

the ¢ integration path is any closed curve which encircles the cut.

As a consequence, the inverse Borel transform of R does not

exist, because w integration is divergent at +oo.

We introduce a cutoff:

C
Ro(z) = /0 dwe™ & R(w, z)
L L s s ()
T oani ) ¢ F(g)/o dwe g g @)

)
C
E[(Z,QS(QZ)) _ 1 d§ L/ dwe & ii} (%:QS(Q2)> llogf—ll
0

omi ) € T(€)



Remarks:

e The original divergent series for X is asymptotic to the
function X;(z, as(Q?))

e For any finite-order truncation of the divergent series, the full
and cutoff results differ by a twist—(2 + %)

e (' can be chosen freely in the range C > a; different choices

differ by power suppressed terms. The minimal choice is

C = a.



A somewhat simpler result is obtained if the Borel transform is

performed through the replacement

k

w
at — ——
k!

QI =

In this case one gets

1 de logt L 1€ g o~
Relz) = o 5 c;g(é_)z/() E’we—az(%,as@?))
oy L [dE 1 [Cdw _we (w 2 g1l
(o @) =55 f g ), ae S (@) o

which provides an equally good resummation prescription; the

difference is in practice very small.



If we only wish to retain terms which do not vanish as z — 1 we

may expand
1
log= =1—2+0((1 —2)%)
2z

with the result

¢ w w ~ w
S11(z,05(Q%) = 271m' dff F(lf) /0 % © s (g’aS(QQO (=2,




The Borel prescription effectively replaces

v(k+1,C/a)

h h

v(k+1,c) :/ dt etk
0

thereby damping high orders:

12 T T T T

1.0 —
0.8 —

0.6 —

y(k+1,c)/T(k+1)

0.4 —

02 —

0.0




Subleading terms

Different prescriptions give different results for two reasons:

e The different way they handle the high-order behaviour of the
divergent series. This makes in practice a small difference

unless 7 is close to the Landau pole (very rare).

Example: Borel prescription with ¢ =2, ag = 0.11, then c ~ 15,

and the perturbative expansion is truncated around k ~ 15.

e The different class of subleading terms which are introduced

when performing the resummation.

Example: the minimal prescription just gives the exact Mellin
inverse of any truncation of the series. Because this result
depends on z through log %, in z space it generates a series of
power suppressed terms.



We have now two versions of the Borel prescription:

jy_ L fde 1 [Cdu aofw N
Siaad@) =5 $ S i | B z(g,as@ >) [mg ZL
1 d¢ 1 [%d w -
Srr(z,a5(Q%)) = 5 g@/o Ewe_gz <%7Oés(Q2)) [(1_2)6_1]+

They differ by non-logarithmically-enhanced terms (their Mellin
transforms differ by terms suppressed by powers of %)



Version I is closer to the minimal prescription: when applied to
individual log" % terms, it gives back the exact Mellin transform
(apart from the suppression factor).

Two opposite extreme choices in the treatment of subleading

terms:

Version I: no 1/N power-suppressed terms, hence 1 — z power
suppressed terms in z space appears;

Version II: the opposite.

However, with the Borel prescription the z dependence is under

£-11

analytic control: it is entirely contained in the factor log ~ and

can be modified at will.



We may therefore consider intermediate options. For example,
one can check that at NLO and NNLO the inclusion of some
subleading terms by replacing

1—2z

NE

provides better agreement with the full result

log(1 — 2z) — log

This can be understood: soft resummation arises from the
kinematic fact that as z — 1 the dependence of partonic
cross-sections on z is always in the combination Q?(1 — 2)%, which
is the upper limit of the integral over the energy of radiated

gluons for DY. However, the actual value is

k,O o \/QZ(I_Z)Z
max Az




It is easy to do so by the Borel prescription: we define

1 [dé 1 [“dw _wc
EIII(ZaaS(QQ)) — Vi é—g F(f) A Ew DY (%7058(@2)) [(1 o Z)£_1]+Z_%'

With this choice, the kinematic correction is automatically

included to all orders.

In fact, III closer than I to the MP because

1 1 — 2z
log — = 1 1 — 2)?
o8 == (1+0((1-2),
so that
log" log L _

V7

This shows that, up to terms suppressed by two powers of 1 — z,

log% T 1z

the MP effectively performs the kinematic subleading
replacement (but at the same time introduces an overall factor

vz which is absent in the true coefficients).
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NNLO —.—-.
NLO + NLL (MP)
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04

NLO + NLL (BP with log 1/z)
NNLO + NLL (BP with (1-2)) -------
NNLO + NLL (BP with (1-z)Vz)
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1 0.01




Comments:

e MP and BP-I (BP with log1/z) essentially indistinguishable
(for values of z $0.9, where the MP starts oscillating)

e BP-II (BP with 1 — z) rather different from them (and
unconfortably large in the intermediate region).

e BP-III prescription (BP with (1 — z)/,/z) as expected differs
less from the MP in the whole range. The difference between
MP and BP-III sizable, but smaller than the size of
resummation where resummation is relevant, and induces
small corrections at small z. A reliable estimate of the

ambiguity in the resummation.

e Interesting interplay between large-z and small-z behaviour.



Q=100 GeV

NLO
NNLO

NLO + NLL (MP)

NLO + NLL (BP with log 1/z)
NNLO + NLL (BP with (1-z))
NNLO + NLL (BP with (1-z)Nz)

1.1



Summary and outlook

e There are ambiguities in the computation of observables from
resummed quantities in QCD, to be ascribed to the presence
of a Landau singularity in the running coupling.

e A prescription based on Borel sum and twist expansion can
be given; it gives better control over subleading terms with

respect to the minimal prescription.
antitative.

e Work in progress: combined small-z and large-r resummation.

Comparison with other resummation approaches.

I M. Bonvini, S. Forte, T. Peraro, GR, in preparation



up=Q)

do/dQ normalized to do-C/dQ (up

w

n
o

1.5

DY normalized < distribution. Collider: pp Subprocess: Z+gamma
LO

L7 1 Vs=3876GeV!

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

T ‘ T

Borel LL+LO
Borel NLL+NLO ~=—~7
rBorel NNLL+NNLO =74

| | | | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

T * T * T
Minimal LL+LO =3

Minimal NLL+NLO

rMinimal NNLL+NNLO ~zs~73

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

t=Q%s



up=Q)

do/dQ normalized to do-C/dQ (up

DY normalized < distribution. Collider: pp Subprocess: Z+gamma

'l Vs=700Tev | T T ]

2 LO

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

T ‘ T
2 - Borel LL+LO
r  Borel NLL+NLO ~—~7
HBorel NNLL+NNLO =74

1.8
1.6
1.4

1.2

| | | | | | |
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

T T 1
2 - Minimal LL+LO 3
- Minimal NLL+NLO

HMinimal NNLL+NNLO s~

1.8

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
t=Q%s



do/dQ/dY [pb/GeV]

DY rapidity distribution. Collider: pp Subprocess: W+

300
Vs =7.00 TeV th S
Q=M P L LT
A';.Z.'.Y.;'Av‘"%“‘ L AR K»' NNLO YoYere%|
pso | T=000013 TR TR m{g{l@w&%‘ orel LL+LO i
0.5<ugp/Q< 2 =‘§.~@ NLL+NLO 7
0.5 <ue/Q /{I/' Borel Ni)
/,
200 |- *
150 *
100 .
50 +
0




do/dQ/dY [pb/GeV]

3.5e-06

3e-06

2.5e-06

2e-06

1.5e-06

1e-06

5e-07

DY rapidity distribution. Collider: pp Subprocess: Z+gamma

\
Vs =7.00 TeV

Q = 1000 GeV
t = 0.02041

0.5<ug/Q<2
0.5<u/Q<2

Lo
NLO
NNLO s
Borel LL+LO
Borel NLL+NLO ——
Borel NNLL+NNLO rxxx)

0.5




